Martpuubl 4 CHCTeMb] JJMHEHHBIX YPaBHEHUH

Beenem monstue marpuisl. HasoBem maTpuiield TaOiuily, MpencTaBISIONIyI0 co00it
HECKOJIBKO 7-MEPHBIX CTPOK, 3alIMCAHHBIX OJIHA MO IPYTOi:
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Marpuna A uMmeer m CTpOK M n CTOJNOIOB. ['oBOpAT, uyTO ee pazMep mXn. Marpuiy
pasmepa n X n Ha3bIBAIOT KBaJAPaTHON MaTpHULIEH NOpSIKa /.
KBaznpaTtHyro MaTpuily nopsiaika n BUja:
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Ha3bIBAIOT €AUHUYHON.
Onpenenenne 1. HauBbpicmiuii MOpAIOK OTIWMYHBIX OT HYJI MHHOPOB MaTpuubl A
HA3bIBACTCSI €€ PAHTOM.

Nmeercs mpaBuiio BHIYUCIICHUS paHTa MaTpUIlbl (METOJ OKaWMIISIOIIUX MHHOPOB): MIPHU
BBIUMCJICHUM paHra MaTpullbl CJlelyeT MepeXOJUTh OT MHUHOPOB MEHBIIHUX MOPSAKOB K
MUHOpaM OoJbIuX MopsakoB. Ecnu yxe HaitneH MuHOp Ak-ro mopsiaka ML oTinu4dHBIN OT
HYJIsI, TO BBIYUCIISIIOT JIMIIb MUHOPHI (k+1)-mopsiaka, okaiimistomue munop LML u eciu Bee
OHHM paBHBI HYJIIO, TO PaHT MaTpHULbl 4 paBeH k.

Tak>ke paHT MaTPULIBI MOKHO BBIYMCIIUTH IPUBECHUEM K CTYIIEHYaTOMY BHU]TY.

Omnpenenenue 2. CTyneHuaTol Ha3piBaeTcs maTpuma A, obnamaromiasi CleIyIOmMA
CBOWCTBaMH:

1) eciu k-5 cTpoka HyineBasi, To (k+1)-s cTpoka Takke HyJeBasl.

2) Ecnu mepBeie HeHyneBble 3MeMeHTHl k-ii u (k+1)-ii cTpok pacmomnararorcs B

crosioriax ¢ Homepamu Py 1 Py coorBeTcTBEeHHO, TO P<Pjy).

HarnssmHo 3T CBOMCTBA O3HA4YaKOT, YTO HUXKE HYJIEBOW CTPOKM MOTYT PacIojararbes
JUIIb HYJIEBBIE CTPOKH, a BCE BJIEMEHTHI, pacHojiaralolluecs BIEBO M BHU3 OT IEPBOTO
HEHYJIEBOTO 3JIEMEHTa KaKOW-HUOYIbh CTPOKH, SBISIOTCS HYIsIMH. [IpoucxoxaeHrne Ha3BaHUS
HETPYAHO OOBSICHUTH, pacCMAaTpPUBasi, HAIPUMED, CTYIEHYATYI0 MAaTPHILY:
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Omnpenenenue 3. bynem paccmarpuBarh peodpa3zoBaHusi, Ha3bIBAEMbIC JIEMEHTAPHBIMH
npeoOpa3oBaHMUSIMU CTPOK (CTOIOIIOB) MAaTPHIL;

1. [Tepemena MecTaMu ABYX CTPOK (CTONIO1IOB) MAaTPHUIIBL.

2. [IpubaBieHne K KakoW—1MOO CTpoke (CTOJNOIY) MATpUIBI JPYyroil €€ CTPOKH
(cronbria), yMHOXKEHHOM Ha HEKOTOPOE YHCIIO.

3. YMHOXEHUE HEKOTOPOH CTPOKH (CTOJIOA) HA OTIUYHOE OT HYJIS YUCIIO.

Teopema 1. Bcskyio MaTpuily KOHEYHBIM YHCIOM 3JIEMEHTApHBIX MpPeoOpa3oBaHUMA
CTPOK (CTOIOIOB) MOKHO MPEBPATUTH B CTYNIEHYATYIO MATPHILY.



Joxa3arensctBo. [IpoBeneM noka3aTenbCTBO MHIYKLMEW IO YUCIY CTPOK MaTPHLIBL.
Eciu umeercss Bcero ojgHa CTpokKa, TO MaTpulla yKe CTyleHuaras, nbo oba ycioBus,
BXOJISIIIME B ONpEZeNCHHE CTYNEHYaTOH MaTpHIbl, BBIMOJHEHBl TPUBUAIBHBIM 00pa3oM
(BBUIy OTCYTCTBHS BTOpPOU cTpokm). [lycTh Teneps maTpuma A COAEPKUAT m CTPOK, Tae m?2.
[IpenmnosnoxuM, YTO MATPUILy C UUCIOM CTPOK, MEHBIIMM 7, MOXXHO IIPUBECTH K
cTyneHyaroMy Buny. Ecim Marpuma 4 cOCTOMT W3 HyJed, TO OHa cryneHuaras. Eciu A
HEHyJIeBas, TO B HEH €CTb XOTb OJWH HEHYJIEBOW 3JIeMEeHT. HeHyneBol 3neMeHT
pacrojaraercsi B KakOH-TO CTpPOKE. 3HA4YWT, B HaIlled MaTpUIE €CTb HEHYJIEBBIE CTPOKH.
BeiGepeM Ty, B KOTOpOW TEpBBI HEHYJIEBOH »AIEMEHT pacloyiaraercsi B CcToioue ¢
HAaUMEHBIINM HOMEpPOM, CKaxkeM, ¢ HoMepoM k. [IpumeHnB npeoOpazoBaHuE NMEPBOTO THUIIA,
IIEPEHECEM 3Ty CTPOKY Ha IepBoe MecTo. Toraa MaTpuia NpuMeT BUJL

0 .. 0 b
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0 .. 0 b,
IpuYeM blkl #0. Tenepp Oynem NpUMEHATH NMpeoOpa3oBaHUs BTOPOTO THUMA: KO BTOPOM
bzk1 o
CTpOKE NpuOaBUM TMEPBYIO, YMHOXKEHHYIO Ha ———, K TpETbed CTpPOKE — IIEpPBYIO,
1k
b3kl
YMHOXKEHHYIO Ha —— u T1.4. Ilocne npumenenus m-1 TakuX 3IEMEHTApPHBIX
b

1k,
npeoOpa3oBaHuil 100bEMCsI TOTO, UTO B kj-M CTOJIOIE BCIOY, KpOME NEpBOM CTPOKH, OymyT
HYJIH!:

0 .. 0 b,

0 .. 0 0
C:

0 .. 0 0

Otbpocum nepByto cTpoky. OcTaBmasicss Matpuna umeer m-1 cTpoky. Ilo MHAYKTUBHOMY
IIPEIIIOJIOKEHHIO €€ MOKHO IPUBECTHU K CTYIIEHYATOMY BUILY

0 .. 00
G=|.. .. .. .. D
0 .. 00
[TycTh mepBble HEHYJCBBIE 3JEMEHTBI CTPOK CTYIEHYATOW Marpuibl G pacroiararorcs B
cTonbmax ¢ Homepamu ky, ... , k. Torma k< ... <k, , IO ONpEemENCHHUIO CTYNEHYATON

matpuilpl. Ho ocymiecTBisis 3JeMeHTapHbIe IPeoOpa3oBaHUs YMEHBIICHHON MAaTpHIIbI,
MOKHO CYHUTATb, 4YTO MbI J[JCJIaCM JSJICMCHTAPHBIC Hpeo6pa3013aHH;1 MaTpUulbl C He
UCTIONB3YIONIME TEpBOM CTPOKU. IIOCKOJNIBKY TIpW BBITIOJHEHHWH OTHX DIIEMEHTapHBIX
npeoOpa3oBaHUil HYJIH, CTOSBIIME B MEPBBIX k; cTonOnax MaTpuisl C, HE MOTJH UCUYE3HYTh,
TO k1<kp. Takum 006pazoM, MbI TOJTYUUITH MATPHUILY

0 o 0 by ...
.. . . .. D |



YIOBIIETBOPSIIONLYIO CBOMCTBY (2) U3 omnpezesieHust cTyneHuyarod marpuubl. Ecom xe B H
MMEETCSl HyJieBasg CTPOKAa, TO OHAa HE COBMAJAeT C MEPBOM CTPOKOH, TaKk Kak blk] 0, u,

3HauuT, JekUT B Marpuue G. Ho G crynenuaras. CinenoBaTenbHO, HUKE HYJIEBOH CTPOKHU
JeKaT HyJIeBble CTPOKH. Takum oOpa3zoM, H — cTyneHyaTas MaTpHIia.

Teopema 2. Eciin or Marpunsl 4 K Marpuue B MOXXHO MEPEHTH KOHEUHBIM YHCIIOM
AJIEMEHTApHBIX MPeoOpa3oBaHUN CTPOK, TO OT B K A TakKe MOXHO MEPEUTH KOHEUHBIM
YHCIIOM 3JIEMEHTapHBIX MPeoOpa30BaHUM CTPOK.

Hoxka3zarenbctBo. Ecnu myist mepexomga oT A K B UCHOJIB30BaHO OJIHO 3JIEMEHTApHOE
npeoOpa3oBaHUE TEPBOrO THUIIA, TO YTBEp)KIACHHE OueBUAHO. Jlomyctum, uto or 4 kK B
MEPELUIH, UCTIONb3Ys OJHO 3JIEMEHTapHOe Mpeodpa3oBaHUE BTOPOro THUIIA, T. €. (i-51 CTPOKa B
B)=(i-s1 ctpoka B A)+A(j-s1 cTpoka B A), a Ka)kJast U3 OCTAIbHBIX CTPOK MaTpHIbl B coBnasaeT
C COOTBETCTBYIOILEH cTpoKoi MaTpulbl 4. Takum 00pazoM, bi=ai +Aaj 11 KaKA0ro HoMepa
k. Ecnu Teniepb K i-i CTpoke MaTpHibl B MpuOaBUTH €€ j-I0 CTPOKY, YMHOXKEHHYIO Ha (-4), TO
B IOJyYMBLICHCS MOCJIE 3TOr0 MaTpUlle HA MECTe i-OM CTPOKH M K-TO CTONOIA OKaXKeTCs
AIIEMEHT

b,-k+(—/1)bjk=(a,-k+/lajk)+(—/1ajk)=a,-k.
ITockonbKy 371EMEHTHI ITOJIYYHBILEHCS MAaTPHULIbI, PACIIOJIOKEHHBIE B CTPOKaX, OTJIMYHBIX OT i-
W, COBIAJIAIOT C COOTBETCTBYIONIMMHU 3JIEMEHTAMU MaTpUIllbl A, TO U BCS OHA COBMAJAECT C A,
TaKk 4YTO CIPaBEIJINBOCTb TEOPEMbl B ClIy4yae IPUMEHEHHS OJHOIO BIIEMEHTapHOIO
npeoOpa3oBaHMsl TOJMHOCTBIO JNO0Ka3aHa. J[lomyctum Tenmeph, 4yTo mepexonq oT A k B
OCYILECTBIICH C MCIIOJIb30BaHUEM t 3JeMEHTapHBIX mpeoOpasoBanuii, rae t>1. O603HaUNM
yepe3 C MaTpully, BO3HHUKIIYIO IIOCJI€ IMPHUMEHEHHUS NEPBOr0 M3 ITUX DSJIEMEHTapPHBIX
npeoOpaszoBanuii. Torna ot C x B nepenuiy, ucnoib3ys t-1 sneMeHTapHoe mpeoOpa3oBaHUeE.
B cuny MHAYKTUBHOTO MPEATNONIOKEHHS, HCTIONb3Ys dJIEMEHTapHbIe MpeoOpa3oBaHusl, MOKHO
nepeitu or B k C, a, Kak YCTaHOBJIEHO B HayaJle JOKAa3aTeJbCTBA, TOUHO TaK K€ MOYKHO
nepeiithu 1 o C kK A. Takum o00pa3om, TpPUMEHEHUE 3JIEMEHTAPHBIX MPeoOpa3OBaHMI
MO3BOJISIET MEPEUTH OT B K A, 4TO U TpeOOBaIOCH.
Teopema 3. DrieMeHTapHBIE PEOOPA30BAHUS HE MEHSIIOT PaHTa MaTPHUIIbI.

CHauvana Oyzner Joka3aHa CleAyIoIIas JeMMa.

Jlemma. Ecin oT Marpuilel A K Marpuile B MOXKHO NEpPEUTH KOHEYHBIM YHCIOM
AJIEMEHTAPHBIX TIPE0OPa30BaHUMN CTPOK, TO (paHr B)<(paHr 4).

JlokazarenbcTBO JieMMbl OyzneM BECTH HWHAYKLIMEH 10 YHCIy NPUMEHEHHBIX
AIIEMEHTapHBIX Mpeobpa3zoBaHuil. JlomycTUM, YTO MCIONIB30BAHO TOJIBKO OJIHO AJIEMEHTapHOE
npeoOpazoBanue. Ilycts (panr A)=r. J{ns moka3aTenbCTBA JEMMBI JOCTATOYHO YOEIUTHCS,
YTO BCSIKUUA MUHOD |M| MaTpuubl B nopsiaka, 60jblle 4eM 7, paBeH Hyl0. Eciu oT MaTpuiis!
A x MaTpule B nepenuiy nepeMeHoi MecTaMu JIByX CTpOK, TO Marpuua M nubo coBmajgaer ¢
HEKOTOPOH moaMaTpuiieit M' MaTpuibl A, TOPSAIOK KOTOPOKH OOJIBIIE YeM 7, THOO0 OTIUYACTCS
OT Takoi moxMaTpuisl M' TOIBKO mopsakoM cTpok. Ilockonbky (panr A)=r, To |[M'=0, a
sHauut |M|=£|M'|=0. JlomycTuMm Temeph, UYTO TMEpexoa K MaTpuile B OCyIIeCTBICH
npuOaBICHUEM K i-ii CTPOKE MaTpUIbl 4 ee j-i CTPOKH, yMHOKEHHOH Ha A. Bo3MOXHBI Tpu
ciayyast: 1) i-1 CTpoka HE MPOXOAMT 4Yepe3 moamarpuily M; 2) Kak i-si, TaKk U j-s CTPOKH
IPOXOJAT uepe3 noamartpuny M; 3) i-s1 cTpoka MPOXOAUT yepe3 nmoaMarpuny M, a j-i1 He
npoxonut. B mepBom ciyuae nmoamarpuiia M coBnagaeT ¢ COOTBETCTBYIONIEH MOIMATPUIIEH
MaTpuisl 4 u, cnenoBarenbHo, [M|=0. Bo BTopom ciydyae umeeMm
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n00 MOCJIEeAHNUI OTIPENIEIUTENb SBISIETCS MUHOPOM MaTpullsl A. B TpeTheM ciydae 3anuinem

IMI=|a, +/\ajkl e ay +/\ajk\_ =la, e ay +A ay .oayl.

Ho mnepBblii W3 3THX omnpeneauTenei SABISIETCS MHHOPOM MaTpHIlbl A, a BTOPOH JIHIIb
HOPSAKOM CTPOK OTJIMYAETCSI OT HEKOTOPOro MuHopa matpuilsl 4. CinenoBarenabHO, 00a 3THX
OTpeIeTTUTENs paBHBI HYIO, oTKyaa |M|=0. Takum 0O6pa3om, Koraa UCTIOIb30BAHO JIUIITH OJTHO
BIIEMEHTApHOE TpeoOpa3oBaHHe, JeMMa JO0Ka3aHa. JlomycTHM, 4YTO UCIIONb30BAHO M
npeoOpaszoBanmii. I[lycte C — wMarpuia, TmOJydYeHHas IIOCIE€ OCYIIECTBICHUs m-1
npeoOpa3oBaHusl. YUUTHIBasi UHAYKTUBHOE TPEANOI0KEHUE, UMEEM
(panr B)<(panr C)<(panr 4),

4TO U TPeOOBAIOCH.

JokazarenbcTBO Teopembl. JlomycTum, 4TOo OT Marpuibl A K MaTpuie B nepenuin
KOHEYHBIM YHCJIOM 3JIEMEHTapHBIX NpeoOpa3zoBanuil. Beuny nemmsl (panr B)?(panr A). Ho
€CJIM DJIEMEHTapHBIC MPEe0Opa30BaHUs MO3BOJISIOT MIEPEUTH OT A K B, TO, COTJIACHO TeopeMe 2,
0T B K A TakXe MOXXHO IeperTH KOHEYHBIM YHCIIOM 3JIeMEHTapHBIX npeoOpa3oBanuil. Eme
pa3 npuMeHss JeMMmy, noiaydaem, 4ro (panr 4)<(paur B). HyxHoe paBeHCTBO cpa3y cieqyeT
U3 MOJIyYEHHBIX HEPABEHCTB.

Teopema 4. Panr cryneHuaToi MaTpULbl PaBEH YHUCIy €€ HEHYJIEBBIX CTPOK.

Hoxa3zarenbctBo. IIycTh cTynenuarast MmaTpuia 4 COOEpKUT ¥ HEHYJIEBBIX CTpoK. Toraa,
OTMETHB HEHYJIEBBIE CTPOKM U CTOJIOIBI, B KOTOPBIX PacCIONIaraloTCsi MEepBble HEHYJIEBBIC
AIIEMEHTHl ATHX CTPOK, I[IOJIyYUM TpEeyroibHylo Martpuily. Ee omnpenenurens paBeH
IIPOU3BENCHUIO TUArOHAIbHBIX 3JEMEHTOB, OTJIWYHBIX OT HYJS, U, CIE€JOBATEIbHO, OTIINYEH
OT HYJIA, TaK 4TO Matpuia 4 COAEPKUT HEHYJIEBOW MHHOp Mopslka r. Beskuil xe MUHOP
OosbLIer0 TOpSAKA CONEPXKUT HYJEBYIO CTPOKY M MOATOMY oOOpamiaercss B Hylb. Takum
obpazom, (pasr A)=r.

Teopema S. (panr A)=(panr 4"). (A" - A TpaHCOHUPOBAHHAS )

JHoxka3zatensctBo. Ilycth (panr 4)=r. PaccMorpuMm B marpuue A' npou3BOIbHBIA MUHOP
nopsiaka s>r. IlycTs OH siBigeTcs onpeaenutenem noamatpuubl M. Torma Mr - noamaTtpuua
matpuilsl 4. [Tockonbky ee nopsaok 6omsiue 7, To MUHOp |M'|=0, a 3Hauut, u [M|=0. Takum
o0pa3oM, Bce MHUHOpBI MaTpuilbl A', MOPSAOK KOTOPHIX OoJbIIe », 0OpamaloTcsi B HYIb.
CnenoBatenbHo, (panr A')=r=(panr A). OT0 ke HEPaBEHCTBO MJisi MaTpuilbl A" maet (paHr
A)=(panr A" )=(panr A4'). Takum obpazom, (panr A')=(panr 4)<(paunr A"), 1.e. (panr 4)=(panr
A").

MaTtpuiibl OTHOTO U TOTO K€ pa3Mepa MOKHO CKJIaJbIBaTh. MaTpHUIly MOXKHO YMHOXKUTb
Ha YHUCJIO, T.€. YMHOXKUTh BCE €€ AJIEMEHTHI Ha 3TO 4Mciao. Marpuiy pasmepa mUn MOXHO
YMHOXHUTh Ha MaTpUILy pa3mepa nx k.

Onpenenenue 4. [Iponssenennem Matpuubl A=(a;) (i =1,_m , j=1,_n) Ha marpuny B=(bj.)

(j=1,n e=1,k) nazpBaetcs takas matpuna C=(c;), A7 KOTOPOH KaXKIbI e dIEMEHT Cj, U3
i~/ CTPOKH U e—TO CTOJIOIa HaXOAUTCS 10 GopMyIIe:
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[IpousBenenue 4 Ha B o603HauaeTcs AB.

W3 onpenenenus npousBeaeHUs: MaTpUll A U B BBITEKAET:

1) Matpully A JWIb TOTrJAa MOXHO YMHOXKHTh Ha MaTpully B, Korja 4Yucio
CTOJIOLIOB MaTPHUIbl A paBHO YHUCITY CTPOK MaTpUIlsl B;
2) MaTtpuila Mpou3BeneHUsT AB HMeeT CTOJNBKO CTPOK, CKOJIBKO TEPBbIN

COMHOXHTEIb (MaTpuiia A), U CTOJIOIOB CTOIBKO, CKOJIBKO UX MMEET BTOPON COMHOXKHTEIh
(matpuma B).

YMHOXEHUE MaTpull, BOOOIIEe TOBOps, HE KOMMYTaTHUBHO, T.e. ABZBA. PaBeHCTBO
AB=BA MOXeT BBINOJHATHCS JIMILb TOT/A, KOTJa A U B — KBaJipaTHbIE MAaTPUIIbl OJJUHAKOBBIX
MOPSAKOB, OJTHAKO OHO MOYKET OKa3aThCsl HEBEPHBIM YK€ JJIsl KBaJpaTHBIX MAaTpPUIl BTOPOTO
NopsiKa.

1 0 0 1 0 1 1 0
A= , B= , AB= ,  BA= , m.e. ABZBA
1 0 0 0 0 1 0 0

Teopema 6. (AB)C=A(BC)u (AB) '=B'A".

JlokazarenbctBo. CHavana yoeaumces, 4To U3 CyLIECTBOBAHUS JIEBOM YaCTH KaX0TO U3
3TUX PaBEHCTB CJIEyET CyIlecTBOBaHUE MpaBoi U HaoOopoT. Hampumep, ecnu cymiecTByer
npoussenenue (AB)C, To matpulsl A 1 B UMEIOT pa3MepPbl mXn U nXp cOOTBETCTBEHHO. Ho
Torga AB UMEIOT pa3Mephbl m Xp, OTKyJAa BbITeKaeT, 4yTo Marpuua C JA0IKHA UMETh pa3Mephl
p*q. llocne aToro sicHo, 4to nmpousBenaeHrne BC CylecTBYeT U UMEET pa3MepHOCTh n%Xq. Ho
torna cymectByer u mpowmsBenenue A(BC). Ilpu stom kak (AB)C, tak u A(BC) umeror
pasmepsl m X q. Janee nonaraem U=AB, V=BC, S=(4B)C, T=A(BC) u y6exnaemcs, 4To

p p n n p n P n
=S, =S S abe =3 Sabe, =Y a(She) =Ya, =1,
=1 k= IE! k4

=1 k=l k=l 14l
OTHUM [0Ka3aHO TMEPBOEC pPABEHCTBO. [IpM 3TOM MBI HCIOJNB3YeM  CJICIYIOIIYO
00IIeyIOTPEOUTEIbHYIO CUMBOJIMKY. Besikast cymma Buaa ajtast...+ @, Oyaer coKpalieHHO

0003HaYaThCSI uepes Zai . Ecim ke paccMmaTpuBaeTcs CymMMa, ciaraeMble KOTOPOH aj
i=1
cHAOXEHBI IByMS MHACKCAMU, ipuyeM i=1, 2, ... ,n, j=1,2, ..., m, TO MOXXHO CHaJaJa B35Th

CYMMBI 3JIEMEHTOB C (PMKCHPOBAHHBIM IIEPBBIM HMHIIEKCOM, T.€. CyMMBI Za[j ,rne i=1, 2, ...
J1
i, @ 3aTEM CIIOXKUTh BCE 3TU CYMMBl. MBI NOJIY4YUM TOTZA AL CyMMBI BCEX DJIEMEHTOB @

3aIlluChb
n m
>3,
y

=1 j=1
MoskHOo ObLIO OBI, OJHAKO, BHAayaje CKJIA[bIBaTh CllaraeMble @; C (PUKCHPOBAHHBIM
BTOPBIM MHJIEKCOM, a 3aTE€M YK€ CKJIA/IbIBAaTh MOJTy4eHHbIe CyMMBL. [loaTomMy

=l j=1 j=1 =1
T.€. B IBOMHOW CyMMe MOKHO MEHSTh MOPSJI0K CYMMHPOBAHUSI.
Jns nokazarenscTBa BToporo nojoxuMm C=4AB u D=B'A'. Torna
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YTO U TPEOOBAIIOCH.
Teopema 7. YMHO)eHuE MaTpullpl 4 ciieBa (CrpaBa) Ha JUaroHaJIbHYIO MaTPUILY

d 0 .. 0
0 d, ... 0
D:
0 0 .. d,
PABHOCHJIBHO YMHOXXEHHUIO CTPOK (CTOJNIOIOB) MaTpuubl A Ha 3JeMeHTHl di, d, ... , d,

COOTBETCTBEHHO.
Hoxka3zarenbctBo. Eciiu DA=C, T0

i if [N/

n
c = E da =da =da.
ij ik kj

k=1

JUTSL KQKJIOTO . Y TBEPIKICHUE, KacaroIeecs: CTOJI0IIOB, JOKAa3bIBACTCS aHAIIOTHYHO.
CaencrBue. Ecinu

1 0 0

0 1 0
E= ;

0 0 .. 1

10 AE=A v EB=B Bcsikuil pa3, KOrjla YMHOXXE€HHE BO3MOKHO.
Omnpenenenne S. HazoBem »3jieMEHTapHBIMH MAaTPUIlbI, IOJyYE€HHBIE W3 MaTpulbl E
IPUMEHEHHEM OJTHOTO 3JIEMEHTapHOT0 Mpeodpa3oBanHus. ITo Oy1yT MaTpUIlbl BUAA:

) o1 . T(,j,A)=]": Ce o
SG, j) =] . . . 2, 0o . 1 1

0 1
Teopema 8. YMHOxkeHue maTpuilsl 4 Ha MaTpuily S(i, j) ciaeBa (cmpaBa) paBHOCHIBHO
nepeMeHe MeCTaMu i-i U j-il CTPOK (i-T'o U j-TO CTOJIOIOB).
Hoxka3zarenbctBo. [lonoxus C=S(i, j)4, Oynem uMeTh

s,a,=a,, e p=i
C, = ZSPkakq =4 s,a, =a, eu p=j l4
k
s,a, =a,, e pFi,j.

YTBEp)KJIEHHE, KacaroIleecsi CTOIOII0B, TOKa3bIBACTCS aHAIIOTUYHO.

Teopema 9. YmHoxenue wmatpuiiel A Ha Marpuny 1(i, j, A) pieBa (crpaBa)
PaBHOCHIJIBHO MpPUOABIIEHUIO K i-H CTpoke (j-My cToiOiy) Matpuisl A ee j-ii cTpoku (i-ro
cTos0Ia), YMHOXKCHHOM Ha A.

HoxazarenbctBo. [Tonoxus C=1(i, j, M)A, Oynem umeThb



ta +ta =a +Aa , ecw p=i
c =)ta = o .
e ta =a, ecm pFi.
YTBEP)KJIEHHE, KaCaroIleecs CTOIOI0B, TOKA3bIBACTCS aHATIOTUYHO.

Teopema 10. (paur AB)<(panr A4), (pasr B).

HoxazarenbctBa. JJonyctum, yto Matpuiia 4 UMeET pa3Mepsl m Xn, a B — pa3Mepsl nXp.
JokaxkeM cHauana, uto (panr AB)<(panr 4). 1o odeBuaHO, ecnu (paHr 4)=m, nbo MaTpuia
AB umeet pasmepnl m X p. Eciu ke (panr 4)=r<m, TO puBeneM MaTpuIly A K CTyIIeHYaTOMY
BUY S, UCHOJNB3Ys 3JEMEHTapHbIe MpeoOpa3zoBaHus CTpoK. Beumy teopem 8 um 9 moxem
3anucarb

S=U, Joooo U, 1A,
raoe Uy, ... ,Uy —anmemenTapHbie MmaTpuibl. Ho Torna
SB= Uy...UAB
Y TEOPEMBI 8 U 9 MO3BOJISIOT 3aKIIOUYUTh, UTO OT MAaTPULBI AB K MaTpuile SB MOKHO MEpEeTH,
OCYILIECTBIISIS DJIEMEHTapHbIE ITpeoOpa3oBaHus CTpok. B cuity Teopemsl 3
(panr SB)=(panr 4B).
[ainee, u3 reopem 3 u 4 BBITEKAET, YTO BCE CTPOKU MaTpHIbl S, HauuHas ¢ (7+1)-i1, HyJaeBbIe.
[IpocToii monacuer mNOKa3bIBa€T, 4YTO TO K€ CaMO€ BEPHO M Ui CTPOK MaTpuubl SB.
CrnemoBaTeiabHO,
(panr AB)=(panr SB)=r=(panr A4).
Tenepp, yuuTsiBasg TEOpEMBI 5 U 6, a TAaKXKe 10Ka3aHHOE HEPABEHCTBO, [10JIy4aeM
(panr AB)=(panr (4B)")=(panr B'A")=(paur B')=(panr B).

Onpenenenne 6. Te marpunst A u B, mng xoropsix AB=BA, Ha3bBaroTcd
MepecTaHOBOYHBIMHU.

Onpeneaenue 7. [Tycts 4 — kBanpaTHas matpuua. Marpuna A" naseiBaercs oOpatHoi
K Marpuie A, eciu AA'= A'4=E. OOparHas MaTpuiia CyImECTBYET TOJBKO IS
HEBBIPOXKJICHHBIX MaTpHIl (MaTpulla HA3bIBAETCSI HEBBIPOXKJIECHHOM, €CIM €€ ONpPEIEeIUTEb
OTJIMYEH OT HYJIA).

Teopema 11. Ecu A — kBampaTHas MaTpuna nopsijaka n u |4|#0, To cymecTByeT oaHa u
TOJIBKO OJIHa MaTpuua B takas, yto AB=BA=E.

JHoxka3zarenbctBo. [Ipon3Boast aineMeHTapHble MPpeoOpa3oBaHus HaJ CTPOKaAMH, MOXKHO
OT MaTpulbl A IEPENTH K HEKOTOPOH naroHaibHoi MaTpuue D. Beugy teopem 8 u 9

D=U, Jooo U, 1A,
rae Uy, ... ,Ur—3nementapHbie MaTpulbl. C Ipyroil CTOpOHBI, COINIACHO TeopeMe 4, nMeeM
(panr D)=(panr 4)=n,
T.e. |D|?0. CnenoBarenbHoO,

d 0 .. 0
DI~ 0 4, .. 0 ,
0 0 d
rae Bce d; orimmuno ot 0. [Tomoxum
d' 0 0
0 d, 0

U= 2




u B=UU,...U;. Orcrona nonyuum, uro BA=UUy... U A=UD=E.
Ho |4°|#0. B cuny nokazaHHOTO

CA'=E

Jutst HekoTopoil matpuiisl C. BBuny TeopeMsl 6

AC'=(CA")'=E’=E.
Orcrona

B=BE=BAC'=EC'=(C",
T.C.
AB=FE=BA.

Eciu AX=E=XA nns kakoil-HUOYy b MaTpULIbI X, TO

X=XE=XAB=EB=B,
UeMm nokas3pIBaeTCsl €AMHCTBEHHOCTh MaTpULbI B.
3ameuanue 1. PaccyxleHus, TpUBEACHHbIE B JOKa3aTelbCTBE TeopeMbl | 1,MOKHO
WCIIONIb30BaTh M JUIS MOJTYYCHHs CICAYIOMIEr0 croco0a BBIYUCICHUS OOpaTHOW MAaTpPHIIBL:
MPUIKCHIBAEM K MaTpUIle A ClieBa €AMHUYHYIO MATPHILy, 3aTEM C MOMOILBIO AJIEMEHTAPHBIX
npeoOpa3oBaHUl CTPOK MPUBOJIUM MaTpully 4 K €IUHUYHON, OJTHOBPEMEHHO BBITIONHSS 3TH
npeoOpa3oBaHusl M HAJA €IWHUYHON MaTpuiei. Marpuiia, moigydeHHass BMECTO €IUHUYHON

MaTpHIlbl, U Oy/IeT HCKOMOW MaTpuIlen A (E|A) - (A_1|E).
3ameuanue 2. OOpaTHYIO MaTPHILy TAaKKE€ MOXXHO HAUTH 1o popmyie:

Ay Ay A

[ 144

Ay An Ay

ar=| 44 ], ®)
Ay Ay Ay
44 4

rie uepes 4; 0003HaueHO anredpandeckoe JOMOIHEHHE dJIEMEHTA a;; B MaTpuLe A.

(AnreObpandecKuM JOMOJIHEHUEM A;; 2IEMEHTA a; MaTpHLbl 4 Ha3bIBAETCs IPOU3BEICHNE
iy 5

(-1)"/OMT, rne OMT - onpenenurells MATPHIIBL, OJTYYEHHON U3 JIEMEHTOB MaTPHIILI A,

MOCJIC BBIYEPKUBAHMS [ CTPOKH H j CTOJIOIIA — AOTOTHUTEIBHBIA MUHOP K MUHOPY TIEPBOTO

HOPSAJIKA ;).

Teopema 12. Ecniu A u B — kBaipaTHble MaTpulsl, T0 [4B|=|A||B).

HoxazarenbctBo. JlomyctuMm cHavana, uto |4A|=0. BBuny Teopemsr 10 (panr 4B)<(paHr
A)<(nopsinok A)=(nopsinok AB). CnenoBarenbHo, |[AB|=0=|A||B|, uTo u TpeboBaNIOCH 1OKA3aTh.
Tenepb MOXHO cuMTaTh, 4TO |4|#0. JlomycTuM, uTo A TUaroHaibHa, T.€.

d 0 .. 0
yu 0 d, .. 0
0 0 .. d,
YuuteiBas TeOpeMy 7 U CBOUCTBO 5 ONPEAEIUTENI, IT0Iy4aeM
db, .. dpb,
AB|=| ... .. .. |=di...d,|BF|A|B|.

db. .. db

n_nl n-_nn



[Tepexonst k oOmieMy ciydaro, BCIHOMHHUM, YTO 3JE€MEHTapHBIMU MPEOOpPa30BaHUSIMU CTPOK
MaTpully 4 ¢ HEHYJIEBbIM ONpPEAENIUTEIEM MOKHO MPUBECTH K auaroHanbHomy Buay D. Ilpu
stom |A|=(-1)"|D|, rae k — 4BCI0 OCYIIECTBICHHBIX [IPH STOM MPHBEICHNN ITEPEMEH MECTAMH
ctpok. B cuny TeopeM 8 u 9 umeem D=UA, rae U — npou3BeIeHUE JIEMEHTAPHBIX MaTPHII.
Ecnu k mMaTtpunie 4B NIpUMEHHUTD T€ K€ CaMble dJIeMEHTapHbIe IPeoOpa30BaHus, TO MOTYIUM
Matpuity U(4B), npuaem |U(AB) |=(-l)k|AB|. YuuTeiBas, YTO B Ciydae JHMaroHaJIbHOU
matpuisl A Teopema BepHa, umeeM |AB|=(-1)"|UB)= =(-1)|DBI= (-1)"|D||B|=|4||B|, uto n
TpeOOBAIIOCH.
CaencrBue. Eciu |4|=0, To MmaTpunia 4 He UMeeT 0OpaTHOIA.
JHoxazarenbctBo. JleiictBurensho, ecnu |4|=0 u AB=E, To 0=|A||B|=|AB|=|E|-1,
YTO HEBO3MOXKHO.
Martpuiibl HCHIOJIB3YIOT MPU U3YYEHUU CUCTEM JIMHEHHBIX YPaBHEHUM.
Cucremy U3 m TMHEHHBIX YPAaBHEHUI C 77 HEU3BECTHBIMU:

( allxl + a12x2 +'“ +a1nxn =bl
a,x, ta,x, +..+a, x =b,

| ; (1

La x +a x +..+a x =b
ml™"1 m2°72 mn” n m

rae a; b;j — HeKoTOpble NEHCTBUTEIBHBIE YUCIA, & X|, X2,..., X, — HEU3BECTHBIC, MOKHO
3aMucaTh C MOMOILBIO MaTPUIl B BUAE MATPUYHOTO YPABHEHHUS:

al 1 alZ aln xl bl
a a a X b
21 22 2 2 2
! = i AX=8.
a a X b

ml m2 o mn n m

OTOl cucTeME MOXHO COMOCTAaBUTH J1Be MaTpullel — A u A=(A|B), matpuily 4 Ha3bIBarOT
OCHOBHOW MaTpHUIEH CUCTEMBI, a [ — paCIIMPEHHON MaTPULIEH CUCTEMBI.

Omnpenenenune 8. Pemienuem cucteMbl JTUHEWHBIX ypaBHeHUH (1) Ha3biBaeTcs Takas
cucreMa n umcen ki, ky,..., k,, 9T0 Kaxkoe u3 ypaBHeHui (1) oOparraercst B TOXXIECTBO MOCTIE
3aMEHbI B HEM HEU3BECTHBIX X; COOTBETCTBYIOIIMMHU YHCIIAMHU K;.

Omnpenenenne 9. CucreMa TMHEHHBIX YPABHEHU MOXET HE UMETh HH OJHOTO PEIICHUS
Y TOTJIa OHA HA3bIBAETCSI HECOBMECTHOM.

Omnpenenenue 10. Ecnu xe cucrema o0mamaer pemIeHUSIMH, TO OHA Ha3bIBACTCA
coBMecTHOW. COBMECTHAsI CHCTeMa Ha3bIBACTCS OIMPEACICHHON, €ClTi OHA 00J1aaeT OJJHUM —
€IMHCTBEHHBIM PELICHUEM U HEOTIpeAeIEHHOM, eClIi pelieHni OyneT 6€CKOHEYHO MHOTO.

Omnpenesienne 11. J/[Be cucTemMbl JUHEWHBIX YPaBHEHUM HA3bIBAIOTCSI SKBUBAJICHTHBIMH,
€CJIM BCAKOE PellieHUE TIEPBOI CHUCTEMBI SIBIISIETCS PEIIEHHEM BTOPOM CHCTEMBI U HA00OPOT.

Teopema 13. Eciiu oT marpunel /' K MaTpuie B MOKHO IIEPEUTH KOHEUYHBIM YHCIIOM
AIIEMEHTApHBIX NPeoOpa3oBaHU CTPOK, TO COOTBETCTBYIOIIME CHUCTEMBl JIMHEHHBIX
YPaBHEHHH SKBUBAJICHTHBI.

IIpeaBapuTEIbHO JOKAXKEM CIEIYIOLYIO JIEMMY.



Jlemma. Ecim or marpunel /' Kk marpuine B MOXKHO IEPEUTH KOHEUYHBIM YHUCIOM
AIIEMEHTAPHBIX MPEOOpPa30BaHUN CTPOK, TO BCSKOE PEIICHUE CHUCTEMBI, COOTBETCTBYIOIICH

Matpuue /', CIIy)KUT PELIEHUEM CUCTEMBI, COOTBETCTBYIOIIECH MaTpHULIE B.

I[OK&?»&TQJ’IBCTBO. ﬂCHO, 4qTO JICMMY [JOCTATOYHO JAO0Ka3aTb MJid Cliy4das, Koraa
MIPUMEHSETCS OJTHO JIEMEHTAapHOE MpeoOpa3zoBaHue, MO0 Mepexo1 K OOIIeMy CIIyJaro JIETKO
OCYIIECTBIISIETCS MHAYKIUEeH. Eciu mpuMeHeHO 3JeMeHTapHOe MpeoOpa3oBaHUE TEPBOTO
TUTA, T.C. MEPECTaBIICHbl MECTaMU CTPOKH, HAIllM YPaBHEHHS TOJBKO MEHSIOTCS MECTaMHU.
KoneuHo, cTappie pelieHus Mo-NpexHeMy OyAyT MM YAOBIETBOPATH. lIpu s3nmemMeHTapHBIX
npeoOpa3oBaHMsIX BTOPOTO THUIIA K i-i CTPOKE MPHUOABISAEM j-I0 CTPOKY, YMHOKCHHYIO Ha A.

CrnenoBarenbHO, i-s1 CTpOKa MaTPUILIbI B uMeer Buz
(Cl,‘] +/1aj1, ooy a,-,,+/1ajn| b,“f'ibj).

[lycts (a1, ay, ..., o) — pEIIEHUE CUCTEMBI C MaTpHIICH [, T.e. PEIICHHE KaXKI0TO U3 €€
ypaBHEHUU. ByZeT JIn OHO peleHueM CUCTEMBI C MaTPULIEH B ? COMHCHHE MOXET BbI3BATH
TOJIBKO i-€ ypaBHEHHUE 3ToU cucremsl. Ho

(Cl,‘] +/laj1)a1+. . .+(Ain+Mjn)an=(ai1a1 +... +a,~n0cn)+/1(aj10c1 +... +(ljnOCn):B,' +}\«Bj.

Ilepexons K 10OKa3aTeNbCTBY TEOPEMBI, 3aMETUM COIVIACHO JIEMME KaXkI0€ pelLIeHue

~

cucteMsbl [ (T.e. CHCTEMBI, COOTBETCTBYIOIICH MaTpuile /) CIYXHUT pemeHueM cuctemsr B . C

JIpYrof CTOPOHBI, B CHUJy TEOpeMbl 2 OT MaTpuubl B K Marpuue / MOXHO NEpPEUTH ¢
MOMOIILIBIO BJIEMEHTAapHBIX NpeoOpa3oBaHuil. CienoBareiabHO, NMPUMEHUB JIEMMY e€Ile pas,

~

BHUJIUM, YTO KaXJI0€ PEIICHHE CUCTeMbl B CIYXHUT perieHrueM cuctembl /. Takum oOpazom,
9TU CUCTEMBbI SKBUBAJICHTHBI.

Teopema 14 (Kponekepa — Kamesuu). Cucrema JIMHEHHBIX YpaBHEHUU COBMECTHA
TOrJa M TOJBKO TOIZA, KOIZA pPAHT OCHOBHOM MAaTpPHIbl CHUCTEMBI DPaBEH paHry ee
pacCIIMPEHHON MaTPULIBIL.

Hoxka3zarenbctBo. [lockonbKy, cormacHo TeopeMam | u  13,0T Kaxaoll CHCTEMBI
JIMHEHHBIX YPaBHEHUN MOYKHO IIEPEUTH K SKBUBAJICHTHOU €M CTYIIEHYaTOW CUCTEME, a PaHT'U
MaTpULIBI CHUCTEMBbl M €€ paCHIMPEHHOM MAaTpULlbl MPU 3TOM MEHAThCA He OynayT, TO
JIOCTaTOYHO YCTaHOBHUThH CHPABEMJIMBOCTb TeopeMbl 14 nisi cryneHuyaToil cuctemsl. Jlis
CTYIIEHYaTON K€ CUCTEMBbI, B CHUJIy TEOPEMBI 4, paHT'M MATPUI] CUCTEMbI U €€ PACIIUPEHHON
MaTpulbl paBHbI TOT/a U TOJBKO TOTAA, KOTJa 3TU MAaTPHUIbl UMEIOT OAMHAKOBOE YUCIIO
HEHYJIEBBIX CTPOK, WJIM, YTO TO XK€ CaMO€, TOTJa U TOJIbKO TOrJa, KOTJa NEPBbI HEHYIEBOM
JIEMEHT IOCJIEIHEH HEHYJIEBOM CTPOKM pPaCLIMPEHHOW MAaTpUllbl HE pacroiaraercs B
cToJI011e CBOOOIHBIX WIEHOB. V3 aHanu3a cTyneH4aToi CUCTEMBI, ICHO, YTO 3TO UMEET MECTO
TOT/Ia U TOJIBKO TOT'/Ia, KOTJa CUCTeMa COBMECTHa.

Teopema 15. CoBmecTHas cuUcTeéMa JIMHEHMHBIX YpPAaBHEHHM OT 7 HEU3BECTHBIX C
MaTpulel 4 Oyzier onpeaeneHHON TOTJa ¥ TOJIBKO TOTa, KOT/Ia PaHT MaTpUllbl 4 paBeH 7.

JHoxazarenbcTBo. B crity Teopem 3 u 4 (panr A)=n TOraa U TOJIBKO TOT/A, KOT/Ia TaHHAS
CHUCTEMa MPUBOJUTCSA K TpeyroipHoMy Buay. C Apyrod CTOpOHBI, CTyNEHYaTas CHCTeMa
MMEET €JUHCTBEHHOE PEIICHNE B TOM U TOJIBKO B TOM CJIy4ae, KOIr/la OHA TPEYTrOJbHAs.

CaeacrBue. OnHOpOIHAS CUCTEMA 1 TUHEHHBIX YPaBHEHUH C 7 HEU3BECTHBIMH 00J1a1aeT
HEHYJIEBBIMHM PELICHUSIMU TOTZa M TOJIBKO TOTJa, KOrJa ONpPEAeauTelb OCHOBHOM MAaTpHUIIbI
CUCTEMBI PaBEH HYIIIO.

Omnpenenenne 12. Ecnu  pana cucrema JUMHEWMHBIX ypaBHEHHUM OTHOCHUTEIBHO

HEU3BECTHBIX X1, X2,..., Xp, TO HEU3BECTHBIC X; ,X; ,...,X; MOKHO OOBSIBUTH TJIABHBIMH, €CIIH
1 k

pu JI'00OM 33JJaHUM OCTAJIBHBIX HEM3BECTHBIX 3HAUEHUS ITHUX HEU3BECTHBIX OMPEIEISIIOTCS
OJTHO3HAYHO. DTH OCTaJbHbIC HEU3BECTHBIE MOKHO OOBSBUTH CBOOOHBIMU.

Omnpenesnenue 13. bynem Ha3pIBaTh JIEMEHTAPHBIMU TTPeOOpa30BaHUSIMHU CUCTEMBI (1):

1. IlepecTaHOBKY ABYX ypaBHEHUN MECTaMU;



2. [TlpubaBnenne Kk o0eMM  YacTsIM OJHOTO W3  YPaBHEHUHl  CHCTEMBI
COOTBETCTBYIOIIUX YaCTEel IPYroro ypaBHEHUsI, yYMHOKEHHBIX Ha JH000€ YHCIIO;

3. YMHOXeHHEe 00eHX JacTe J1I000ro ypaBHEHHUS Ha YUCIIO, OTIMYHOE OT HYJIS.
Ecmm x cucreme (1) OyayT HECKOJNIBKO pa3 MPUMEHEHBI 3TH NPeoO0pa3oBaHUs, TO BHOBb
MOJIydeHHasl CUCTeMa YPaBHEHUN OCTAETCs SKBUBAJICHTHOM UCXOJHOM cucTeMe (T.€. OHU WJIN
00€ HECOBMECTHBI, WJIH JK€ 00€ COBMECTHBI M 00JIaJal0T OAHUMHU U TEMH )K€ PEIICHUSMU ).

[Tpumensst x cucreme (1) ykasaHHble MpeoOpa3oBaHMs, Mbl MPAKTHYECKU paboTaeM C
pacCIIMPEHHONW MaTpuIlel /' CHUCTEMBI, T.€. Mbl BBHITIOJHIEM 3JIEMEHTAapHBIC MPEeoOpa3oBaHUs
cTpok B marpuile /. (M0OXHO MEHSATh U CTOJIOIBI MECTaMH, HO MPHU STOM He 3a0bIBaTh, YTO B
YpPaBHEHUSAX  CHUCTEMbl  IOMEHSUINCh  MECTaMu  cjaraeMble; 93TO  €JUHCTBEHHOE
npeoOpa3oBaHue, KOTOPOE MOKHO MPUMEHUTH K CTOJIOLIaM B 3TOM CIIydae).

Teopema 16. Ecnu 4ncio ypaBHEHHII OJHOPOJHOW CHUCTEMBI JIMHEWHBIX YpaBHEHHM
MEHBIIIE YUCIIa HEU3BECTHBIX, TO OHA UMEET XOTs ObI OJTHO HEHYJIEBOH pelIeHHE.
JHoxka3zatenbcTBo. [IpuBenem naHHyI0 OJJHOPOJIHYIO CUCTEMY, T. €. CHCTEMY BHJIa

a,x, ta,x, +...+a, x, =0

a,x, ta,x, +...+a, x, =0

a,x ta,,x,+..+a, x =0
K CTyNeHYaToMy Buay. Pazymeercs, oHa ocTaeTcsi OMHOPOAHOW. SICHO, UTO YMCIIO TJIABHBIX
HEU3BECTHBIX HE MOXET MPEBLICUTH YHCla CTPOK. ClenoBaTeNbHO, CYIIECTBYIOT CBOOO HBIE
HEW3BECTHBIE, YTO 00ECIIEYMBACT CYIIECTBOBAaHUE HEHYJICBBIX PEIICHUMN.

Teopema 17 (OcHoOBHasi TeopeMa TeOPHH CHCTEM JIMHEHHBIX ypaBHeHmii). [lycTh
uMeeTcsl coBMecTHas cucreMa (1), I'— paciumpeHHas MaTpulia 3TOH CUCTEMBI U paHr [ paBeH

r. Torna HCHU3BCCTHBIC X; ,xiz,...,xl. MOKHO OOBSIBUTH I'JIABHBIMH B TOM H TOJIBKO B TOM
1 k

cilydae, Korjaa k=r u B cToy0nax MaTpuilsl /' ¢ HOMEpaMH iy, ..., iy pacroyiaraeTcs HeHyJIeBOI
MUHOp HOpSJKA 7.

JHoxka3zatenbctBo. [omyctum, 4to A=r M 4TO B cTONONAX C yKa3aHHBIMH HOMEpamMu
pacrosaraeTcsi HeHyJIeBOW MUHOp nopsiaka ». Toraa panr MaTpULbl

a;, 4y a,;
Ay, Gy, ay;,
amil ami2 ami,

pasmepa mXn paBeH r. B cunny TeopeM 3 u 4, npuBeAs 3Ty MaTpUIly K CTYIIEHYaTOMY BHUAY,
MOJIYYUM MaTpHUILy

blil b112 e bli,,
0 b, .. b,
0 0 b, |,
0 0 0
0 0 .. 0
rae b, ,b,, ,...,b, #0.IIpuMeHHB Te e caMble SJIEMEHTapHbIE IPE0OPa30BaHKsA K MATPHUIIE

I, mosty4rm MaTpuLy



bli1 bli2 bli, G

0 hi, bzi, G

B= 0 0 b, c,
0 O O cr+l

0O .. 0 .. 0 .|c,

[loguepkHeMm, 4TO 3Ta 3aMKUCh HE O3HAYAET, UTO BCE CTPOKU MATpullbl B, HaunHas ¢ (r+1)-i,

HyJIeBbIC: B CTONOIAX C HOMEpPaMH, OTJIWYHBIMH OT I ,L ,...,[ , MOTYT BCTPETHUTBHCS

o
HeHy.TIeBI)Ie 9JIEMCHTBI, CTOSAIIHNEC B DOTHUX CTpOKaX. OI[HaKO Ha CaMOM J€JI€ BCEC CTpOKI/I

MaTpulbl B, HauuHag ¢ (7+1)-i, HysneBble. [|eCTBUTENBHO, TOMYCTUM, YTO 3TO HE TakK, T.C.

b, #0 mis mexotopwix p u g, rae rtl=p=m. Koneuno q#i,i,,...,i,. OnHako Moxker

CIy4HUThCA, 4TO ¢g=n+1, T.e. bpq =c,. Ilycts |M |— MHHOp Martpuilbl B mopsiaka r+1,

PACIIOJIOKEHHBIH B CTPOKax ¢ HOMepami 1, 2, ... , 7, p ¥ CTONONAX ¢ HOMepamu L ,L,,...,L , q.
[lepecrapnsisi, eciii HY’KHO, CTOJIOLBI ITOTO0 MUHOPA, MOTYIUM
bl i bl i o bli,_ blq
0 bz,-z bzl»,, b,,
M| =%|.. .. .. .. .|=#b,.bb #0.
0 O b.
ri, rq
0 O 0 A
q

Ho Torna

(panr I')=(panr B )=r+1,
9TO TMPOTUBOPEUYUT yciaoBuro. Takum o0pa3oMm, cHCTeMa JIMHEHHBIX YpaBHEHUHU,
COOTBETCTBYIOIIAsl MaTpulle B, SKBUBaIEHTHA UCXOJHON CHUCTEME U COACPKUT ¥ YPABHEHUM.

HpI/II[aBaSI HEHU3BCCTHBIM, OTJIMYHBIM OT xil 9oy xi , IPONU3BOJIBHBIC 3HAYCHHUA U IIEPCHOCA UX B

MPaBYyI 4acTh, JETKO YOEAUTHCS, YTO HEH3BECTHBIC X, 5+-»X; OJHO3HAYHO OMPEIETISIIOTCS
OJIHO 3a IPYyTUM, HaYMHas C rocyieqHero. Takum o6pa3oM, UX MOKHO OOBSIBUTH IJIaBHBIMHU.
HormycTum Teneps, YT0 HEM3BECTHEIC X, ,..., X, MOXHO OOBSBUTE TIaBHBIMH. [Tomoxus
OCTaJIbHbIE HEU3BECTHBIE PABHBIMU HYIIIO, IPUIEM K CUCTEME
a.x, +..+ta,x =b,
iR Lip "7iy 1
.................................. (*)
a x +..ta x =b,
mll ll mlk lk m
HMMeEIOIIEeH €TMHCTBEHHOE pelieHue. B cuity Teopemsl 15, paHr MaTpullbl ’TOM CUCTEMBI paBEH

k. CnenmoBaTelbHO, k=r U B CTOJOIAX il,...,ik pacroyiaraeTcsi HeHyJICBOM MHHOpP TOpsiiKa k.

Homyctum, dro k<r. 3ameTrum, 4To cuctema (*) MPUBOAUTCA K TPEYroJbHOMY BHUIY, U
NPUMEHUM K HUCXOIHOW CHCTEME T€ K€ caMble JJIeMEHTapHble mpeodpaszoBaHus. Torma
pacmpeHHast MaTpUIla CUCTEMBI PHOOpPETaeT BUJ



blil bliz blik G
0 21, 2i, )
0 0 b, c,
0 0 0 C oy
0O .. 0 .. 0 ..|c¢c,

B cuny Teopembr Kponekepa-Kamenau, panr Matpuilbl CUCTeMbl paBeH r>k. [loatomy
Cpeau CTPOK (b, . ,---,bin ), tie k<i=m, ecTh HeHyneBble. ClenoBaTeNbHO, HAIETCS bpq 0,
1

rac p>k Ecau TCIICPb MMOJIOXKUTH PaBHBIMU HYJIIO BCC HCU3BCCTHBIC C HOMEpaMHU, OTIIMYHBIMU

oT il ,i2 ,...,ik » ¢, TO TonyIHM X _ = <, /bpq . CreqoBaTenpHO, X, HE MOXET OBbITb B3ST

NPOU3BOJIbHBIM, YTO MPOTHBOPEYUT BO3MOXKHOCTH OOBSIBHUTH X. 5w X IJIABHBIMH
1 k
HeusBecTHBIMU. CllenoBaTeIbHO, k=7
Teopema 18. Cucrtema n JTUHEWHBIX ypPaBHEHUM C 7 HEU3BECTHBIMH, OIPEIEIUTEIb
KOTOPOH OTJIMYEH OT HYJIA, 00JIaZiaeT PELICHUEM U IIPUTOM TOJIBKO OJHUM.

A
DTo perieHre MOXKHO TIOTYIHTH 110 mpaBuTy Kpamepa x,=— rae k=1,7.

|4
|A| — onpenenuTens OCHOBHOW MaTPHUIIBI CHCTEMBI;
|A¢| — monmyuaercst u3 |4| 3ameHO# K-ro cToyOIa B MaTpuile A cTOiO0ImOM CBOOOIHBIX
YJICHOB.
Hoxka3zarenbcTBOo.IlycTh 1aHa crcTeMa 1 IMHEWHBIX YPABHEHHM C #7 HEU3BECTHBIMH:

allxl +a12x2 +"' +a1nxn =bl
aZl'xl + a22x2 *.. +a2nxn :bZ

) (D

anlxl + an2x2 +"' +annxn :bn

[lycts cucrema (1) coBmecTHa u a4, 0y, ... , 0, — OJHO U3 €€ pemeHuil. CrpaBeuBbL,
CJIeI0BATENIbHO, PABEHCTBA
allal + a1202 +"' +a1nan =bl

aZlal + a2202 *.. +a2nan :bZ

< (2)
anlal + an2a2 + o + annan :bn
[Tycth j Oynet mo0bM U3 yncen 1, 2, ..., n. YMHOXHUM 00€ 4acTH MEPBOTO U3 PABEHCTB
(2) Ha Ay, T.e. Ha anrebpanyecKoe JOMOJHEHUE HIEMEHTA d1; B ONPEACIUTEINE
a, a4y .. 4,
d=|%1 92 - Gy
a, a, .. a,




PaBHOM OIPEEIUTENI0 CUCTEMBI (2); 00€ 4acTu BTOPOTO paBEHCTBA YMHOXKUM Ha Ay U T.1.,
HakoHell, 00e yacTu mnocienHero — Ha A,;. CkiaaabiBas, 3aTeM OTIENIBHO JIEBbIE U OTIEIBHO
MIpaBbIe YaCTH BCEX PABEHCTB, MBI IIPUJIEM K CIICTYIOIIEMY PaBEHCTBY:

(a11A1j+a21A2j+. . .+a,,1A,,j)a1+(a12A 1j+6122A2j+. . .+an2A,,j)a2+. . .+(a1jA1j+a2jA2j+. . .+a,,jA,,j)aj+ ...
+(Cl1nA 1j+a2,,A2j+. . .+a,,,,A,,j)an=b1A 1j+b2A2j+. . .+bnAnj.

Koa¢pdunmenrom npu o; B 3TOM DPaBEHCTBE CIYXKHT d, KOO(QQHULUUEHTHI NPH BCEX
OCTaNbHBIX @ OyIyT paBHBI HYJIO, BBUIy TOTO, YTO CyMMa MPOU3BEICHHUI BCEX AIEMEHTOB
HEKOTOpPOro cTojilla ompenenuTenss Ha anreOpandeckue OMOJHEHHUS COOTBETCTBEHHBIX
AIIEMEHTOB JPYroro ctojlua paBHa HYIIO. A CBOOOJAHBIA 4jieH OyAeT OmpenenuTeneMm,
MOTYJAIONTUMCSI U3 ONpenenuTenss d Toclie 3aMEeHbl B HEM j-TO CTOJOIa CTOJIOIOM U3
cBOOOAHBIX WieHOB cucTeMsbl (1). Ecnu 3TOT mocneqHuil onpeaenuTelb Mbl 0003HAYNM Yepe3
d;, TO Hallle paBEHCTBO MPUMET B[

doy=dj,
OTKyJa, BBUAY dZ0,

o=—.
" d
OTUM JI0Ka3aHo, 4rto ecnu cucremMa (1) coBMecTHa, TO OHa 00JIaJaeT €AMHCTBEHHBIM
pelIeHHEM.
dl d2 dn
O1=—, 00=—=, ..., O=—". 3)
d d
[Toxaxxem Tenepb, YTO cUCTEMA yKcel (3) Ha caMOM JIeJie yOBJIETBOPSET CUCTEME YpaBHEHUI
(1), T.e. uto cucrema (1) coBmecTHa.
[loacraBuM Tenepp B i-€ ypaBHeHUE cucteMbl (1) 3HaueHust HeusBecTHBIX (3). Tak kak

n n
J'IGBYIO 4acCTb 1-TO ypaBHeHI/IH MOYXHO 3aIicatb B BUC Zaijxj " TaK KakK dj:zbkAkj , TO MbI
j=1 k=1

IMOJTYYHM:
n dj 3 1 n n 3 1 n n
Zay T _Zai/‘ (ZbkAkj) __Zbk (ZayAk/) :
j=1 d d j=1 k=1 d j= k=l
. 1
OTHOCUTENBHO 3TUX NpPeoOpa3oBaHUI 3aMETHUM, 4YTO YHCIO —  OKa3aJloch OOIIUM

d
MHOJKHTEJIEM BO BCEX CIAaraéMbIX, H IIOITOMY MBI €0 BBIHECIH 3a 3HAK CYMMBI; KPOME TOrO,
IIOCJIE NIEPEMEHBI MOPSAAKA CYMMUPOBAaHUNM MHOXHUTENIb B BBIHECEH 3a 3HAK BHYTPECHHEH
CYMMBI, TaK KaK OT HHJEKCa BHYyTPEHHETO CYMMUPOBAHHUS j OH HE 3aBUCHT.

MpI 3HaeM, 4TO BBIPAKCHHE Za[jAkj =anAnt apdipt. ..+ aipnAr, Oynet paBHo d nipu k=i
j=1
u paBHo 0 mpu Bcex npyrux k. Takum oOpa3om, B HaIlledl BHEIIHEH CyMMe MO k OCTaeTcs
JMIIb OJHO CIaraeMoe, a UMEHHO b;d, T.e.
n d;‘ 1
a,—=—Lbd =b,.
A dod o
OTUM A0Ka3aHO, YTO cucTeMa yucen (3) JeHCTBUTENIBHO CIYKUT PELIEHUEM JIJISI CHCTEMBI
ypaBHeHui (1).



