YHUBEPCAIJIbHBIE AJII'EGPBI

OOBIYHO M3y4YaIOT MHOXKECTBA, HA KOTOPBIX OMNpEIeNeHbl T€ WM MHBIC ONEpaLnu.
PaccmarpuBaioT MHOXeCTBa C OHOH, ¢ ABYMS M BOOOIIE C JIFOOBIM KOHEYHBIM YHCIOM
ornepauuii. PaccMaTpuBaroT Ha MHOXKECTBE TaKk)Ke M OECKOHEYHO MHOTO OIEpaIHii.

MHOXeCTBO A ¢ HEKOTOPOH CHCTeMOW (KOHEYHOW MIM OECKOHEYHOM), 3aJlaHHBIX Ha

HeM omepaumid, Q ={f", f",..} Ha3bIBAIOT yHUBEpCANbHOW  anreOpoil (WIM mPOCTO
anrebpoi) u obosHawaror L=<4; f", f",...>wm [O=<4;Q>.

MHuoxecTBO cuMBONOB omepamuit Q ={f",f",..} W1  KOTOPBIX YyKa3aHbl HX
apHOCTH, HAa3bIBAIOT CUTHATYPOH anreOpsl.

HaGop apHOcTeli OCHOBHBIX oOmepaluii anreOpbl HA3bIBAIOT THUIIOM aiureOpbl H
0003HaYaT <np, ny, ...>.

Eciu nana anre6bpa [ curHaryper Q, To mnoamuoxkectBo BUA, [ =<B, Q>
VasbpIBaeTcs MoJaireOpoi, eciIM OHO 3aMKHYTO OTHOCHTENBHO BceX omepauuid u3 ?. MHbIMU

cnoBamu, s jmooboro f ' [Q  n>1, m moOweIX aj, ay, ... , a,0B momxuHO OBITH aja;

an f" [UB. C npyroii CTOpOHBI, 3JIEMEHTHI, OTMEUaeMbIe B [J BceMH HYJIbapHBIMH ONEPAIIASIMHU

n3 Q (ecim Takke CYIIECTBYIOT, JOJDKHBI COJepKaThes B [).

[Tepeceyenune m000# cucTemMbl Tomanredp anreOpbl [l,ecimd OHO HE MycTo, Oyner
nojanreOpoi 3Toii anredpsl.

JetrictBurenbHo, ecnu B L B3siTa cucrema noganredp, i[11, ¢ HemycThIM nepeceueHueM

Du,ecim  f'[Q ,n>l,ad, dy, ... ,d, - mo0bie 3nemenTsl U3 D, T0 2nemenr did; ... d, f;”

COJICPXKUTCS B Kax0i 13 momanredp Lli, a mostomy comepkurcs B D ¢ apyroil CTOpOHBI, B
Kaxaoil u3 nonanredp [j,a mostomy u B D, conmepxarcs u 31eMeHTHI, oTMe4yaeMble B L[]
BCEMU HYJIbapHBIMH OIepanusiMu u3 €.

Takum 00pa3oM, MbI IOJIy4aeM, YTO eci M - HemycToe MOJMHOMXECTBO alreOpsl
[J,ro B [ cymecTByeT MUHUMAbHAs Cpely MOAANTredp, coaeprkalas HeJIMKOM MHOXECTBO
M, a IMEHHO TIepeceueHHE BCEX TaKMX MojaanreOp; OHOM U3 HUX SIBISIETCS cama anrebpa [.
Ora mnopanrebpa obo3HavaeTcs yepe3 {M} M Ha3bIBaeTcs MoAanreOpoil, MOpoXKIEHHON
MHOkecTBOM M. Ecniu {M}= [],To M Ha3bIBaeTcst cuctemoii obpazyrommx s [.

OTMeTuM, 4YTO TepecedeHue mnomanredp MokeT ObITb  MYCTBIM (€CHM, KOHEYHO,
CUTHATypa anreOpbl HE COAEPIKUT HYJIbAPHBIX ONEpanuii).

HemycTtoe MHOXecTBO A ¢ 3aJaHHOW Ha HEM OJHOW OWHApHOW oreparuen,
Ha3bIBACTCS TPYNIIOUIIOM ,T. €. TPYIIIONJ - 3TO anredpa Tuma <2>.

['pynnouaamu SBISIOTCS BCE MHOKECTBA C ONEpalUsIMU, IPUBEACHHBIMU B Ta0uIe 1.



Tabauua 1.

MHoxecTBa orepanys xy
1. HarypanbHble yncia X
2. HarypanbHble uncnia xty
3. Harypanbnbie uncina Xy
4. HarypanbHble uncia x+2y
5. HarypanbHble uncia HO/I (x,y)
6. HarypanpHble yncna HOK(x,y)
7. HarypanbHble yncia Max(x,y)
8. PammonanbHbIe ynca xty
9. llenble yucna Xy
10. Marpuisl pazmepa mxn xty
11. HeBbipoxneHHbIE KBaJIpaTHbIC
MaTpPHUIIBI TOPSI/IKA N xy
12. IlomgcTaHOBKHY M3 N CUMBOJIOB Xy
13. KopHu n-o0ii cTeneHu U3 eAMHUALIBI xy

OnemeHT e[JA Ha3bIBaeTCsi HEUTPAIBHBIM 3JIEMEHTOM WIM €IUHUIEH (OTHOCUTEIBHO
naHHoOM omepanmu), ecnu alle=e[Ja=a, nna Bcex allA. ExuHuma cymiecTByeT He BCerna.
ITpuuem:

Teopema 1. MHOKECTBO € 3aJaHHON OTepariueil COAEPKUT He O0sIee OTHOM ¢TMHUITBI.

HoxasarensctBo: Ilycts € u ¢ - equHunsl. [lockonbky e - enunHuna, to ellc=c. Ho
elc=e T.k. ¢ - equHuna. Takum obpazom, c=e [lc=e. Eciu omnepanuio Ha3bIBAIOT CII0XKEHUEM,
TO eAWHMIY OOBIYHO HA3BIBAIOT HylIeM © 0003Ha4arT (,eCiM OINepamuio Ha3bIBAIOT
YMHOXEHHUEM, TO €IUHUIYy YacTo 0003Ha4aoT 1.

Ecmu (alb)Oc=all(blc) mms mro0bix a, b, ¢ U3 A, TO omepamusi  Ha3bIBAETCS
accormatuBHOM, a ecnu allb=blla mus Bcex a, b w3 A, TO omepamus Ha3bIBACTCS
KOMMYTaTUBHOM.

Ecnm MHOXeCTBO A ¢ 3aaHHOM omeparueil COAEPKUT eAUHUILY €, TO 3JeMeHT bJA
Ha3bIBaeTCsl 00paTHBIM AneMeHTy allA, ecnu a Ob=b [a=e.

Teopema 2. Ecniu MHOXECTBO A ¢ 3aJaHHOM acCOLMATUBHOW OmNepanue COAEpKUT
SAVHHUILY €, TO KOXKIbI AJIEeMEHT U3 A umeer He OoJyiee OJHOTO 0OpPaTHOTO.

JHoxazarenbctBo: [Tycth b 1 ¢ 0OpatHbie aemMeHTy a. Torma, yduThIBas ONpeAcIICHHE
€MHHUIIBI M 00OPATHOTO JIEMEHTA, UMEEM:

b=b [e=b [(a Oc)=(b Ha) Cc=e [c=c.

3ameuanue. TpeOoBaHHWE  aCCOLMATHUBHOCTH  CYIIECTBEHHO.  JIeWCTBUTENBHO,

PaccCMOTPUM TPEXIJIEMEHTHOE MHOXKECTBO {€, a, b} ¢ onmepamnueiit [ 3amaHHOMN TaOIUIICH:
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31ech € - eIMHMIA, a 00a DJIEMEHTAa a U b SBIISIOTCS OOPAaTHBIMU K a.

Hemycroe MHOXecTBO A ¢ 3alaHHOW Ha HEM OJHOW OMHAPHON acCOIMATHBHOM
oriepanuei, Ha3pIBaeTcs noayrpynmnoi. [lomyrpynnamu sBisitores anredpsl 2, 3, 5, 6, 7, 8, 9,
10, 11, 12, 13 u3 Tabmuis 1.

Ecin onepanus momyrpynmsl  HE  TOJBKO — aCCOLMAaTMBHA M KOMMYTAaTHMBHA, TO
MOJIYTpYIIIa Ha3bIBACTCS KOMMYTaTUBHOM. Ilomyrpynmna Ha3bIBaeTCsi MOHOI'E€HHOH, €CIH B



HEH COJNIEPKUTCS TAKOW DJIIEMEHT a, YTO BCSKHUU DIIEMEHT X M3 A MOXeT OBbITh 3alucaH B
dopme x=a" s HekoToporo n>0. DJEeMEHT a Ha3bIBAETCA obpazyromum  (Wim
MOPOXKJAIOIIMM) MOHOT€HHOM MOdyrpynmbsl. BaxHeWmuM OpuMEpoM  MOHOT€HHOM
MOJIYTPYIIIBl  SIBJISETCA MONyrpynna P MONOXHUTENBHBIX  IIEJIbIX YHCEN OTHOCUTEIbHO
cnoxxenus. Ee obpa3zyromieit ciayxur 1.

Cpenu anreOp  BaXHEWIIYI0O  pojib  WTpalOT  rpymmbl. [lpumeHeHus rpynm
MHOTOYHCIICHHBI U PAa3HOOOPa3HbI KaKk BHYTPH CaMOW MAaTeMAaTHKH TaK U BHE ee. MeTobl
TEOpUU  TPYyNI  IUIOJOTBOPHO  HUCHOJB3YIOTCS  MPU  U3YYEHHMH  TIE€OMETPHYECKHX
npeoOpa3oBaHuil, B TEOpUU alreOpanyecKuX YpaBHEHHH, B TONOJOTMM, aTOMHOW (u3HKe,
TEOPUU OTHOCHUTEIHHOCTH, KpHCTaLuIorpaduu U BO MHOTUX JIPYTHX pa3zesiaX HayKH.

[Tonyrpynmna sBiasieTcsl TPYINIOH, €CIM OHA COACPKUT €IUHUIY U JUIsl KaXI0ro ee
AJIEMEHTA CYIIECTBYET OOPATHBII:

1. MHOXECTBO JEHCTBUTEIBHBIX TMOJOXHUTEIBHBIX YHCENl 00pa3zyer TpyImy
OTHOCHUTEIJIbHO ONepaluyd YMHOXeHHUs. B camoM niene, yMHOXKEHHE acCOIMaTHUBHO, YUCIO 1
SBIIIETCS. HEUTpaIbHBIM deMeHToM (1 a=a l=a, ana moboro uucna a)u Kaxaomy a>0
cymecTByeT oOpaTHoe dYHCiIO, paBHoe l/a (a-1/a=1/a- a=1).Ota rpynma Ha3bIBaeTCs
MYJIbTHILTMKATUBHOM (0T MaTuHCKOro multiplicatio - yMHOXKEHHUE) TPYNION MOI0KHUTEIbHBIX
JENCTBUTENbHBIX YHCET.

2. MHoxecTBO R Bcex NEHCTBUTENBHBIX YHCEN C ONEpaluell  CII0KEHUs €CTh IpyIa,
TaKk KaK CIIO)KEHHWE accouuaTuBHO, uyuciao O sBisercs HEUTpadbHBIM 3JIEMEHTOM
(a+0=0+a=a mns qr000T0 4YMcIa a) W JJS BCSIKOTO YHCIa a OOPATHBIM AJIIEMEHTOM CITYXKHUT
MPOTHUBOIIOJIOKHOE €My 4YHuciIo -a (Tak kak at(-a)=(-a)+a=0).Dta rTpynma Ha3bIBacTCs
aaIUTUBHON (0T MaTUHCKOTrOo additio - clokeHre) TPYIIION EIbIX YHCEI.

3. MHOeCTBO BCEX N-MEPHBIX BEKTOPOB C ACUCTBUTEIHHBIMU KOOPIUHATAMH SIBIISIETCS
TPYIIION OTHOCHUTEIBHO CIIOKEHHUS BEKTOPOB. J[eHCTBUTENIBHO, 3Ta ONEpalus acCOLMaTUBHA,
HEUTpPATbHBIM JJIEMEHTOM  CiOyKuT HyJeBod Bektop (0,0,...,0),00paTHBIM 1Jis1 BEKTOpa
(ay, ay, ..., a, ) ABISIETCA BEKTOP (-a1, -a2, ...,~ay ).

Cpenu mosryrpynn nNpuBeACHHBIX B Ta0iuie rpynmnamu sBistitores 8,10,11,12,13.

B mpumepax 8,13 Tabmuipl rpynmoBasi onepanusi HEKOMMYTAaTHBHA, a B IpUMepax
10,11,12 (mpum n>2) Tabmumpl HE KOMMYTaTHBHA. ['pymnmy ¢ KOMMyTaTUBHOHM omeparueit
HA3BIBAIOT KOMMYTAaTUBHOW WM a0eneBoil (M0 MMEHW HOPBEXKCKOro MaTemarwka Hwuibca
I'eapuxa AGemns (1802-1829)).

I'pynny coCTOAIIYIO0 U3 KOHEYHOTO YUCJIa N 3JIEMEHTOB, HAa3bIBAIOT KOHEUYHOU I'PYIIION
nopska n, a rpynny ¢ OeCKOHEYHBIM MHOKECTBOM JJIEMEHTOB - OeCKOHEYHOW. ['pymbl
8,10,11,a Tak ’x€ MyJIbTUIUIMKATUBHAS I'PyNIa MOJOXKUTEIbHBIX JIEUCTBUTENIbHBIX YHCE,
aJUTUBHAsA Tpylna IENbIX YHCeN, Tpylna N-MEpHBIX BEKTOPOB C  JEHCTBUTEIbHBIMHU
KOOpJWHATAMU OTHOCUTEIBHO OIEPALUU CIOXKEHUS SIBIAIOTCS OCCKOHEYHBIMH TPYIaMH.
I'pynmer 12 u 13 Tabnuiibl KOHEYHBIC, TTOPSIKOB N! ¥ N COOTBETCTBEHHO.

ITogmHO)kecTBO H rpynmsl sBisieTcs NMOATPYIIOW, €CIM OHO HE IIYCTO U BMECTE C
JOOBIMU AJIEMEHTAMU COJEPKUT X 0OpaTHbBIE U MPOU3BEACHHUE ITUX JIIEMEHTOB.

Bcesikas moarpynmna coiepKuT €AMHUILY TPYIIIIbI.

JlelicTBUTEIBHO, 110 ycioBHio cymectyer anement h(JH. Ho torxa h” OH, uro B cBoMO
ouepeib BiIeUeT 1=h-h'OH.

Bo Bcsakoll  rpymme CymiecTBYIOT [1B€ TpPUBUAIbHBbIE MOATPYNIBL: BCS Tpydmna M
€AMHUYHAs NOJArPYIIA, COCTOSIIASL U3 OJHOW €IUHUIIBI.

MmuoxectBo R ¢ AByMs omepanusiMi - CIOXKEHHS MU YMHOXXEHHUS - Ha3bIBAETCS
KOJIBIIOM, €CJIU:

(1) R oOpazyer KOMMYTAaTHUBHYIO TPYNINy OTHOCHUTEIHHO CIOXKCHHS (aIIuTHBHAS
rpynmna KoJbLa),



(2) R obpa3zyer noayrpymnmny OTHOCUTEFHO YMHOXKEHUS (MYJIbTUIUIMKATUBHAS TPYIIIa
KOJIbIIa),

(3) Cnoxenne 1 yMHOKEHUE CBSI3aHBI JTUCTPUOYTUBHBIMHM 3akoHamu (atb)c=ac+bc u
a(b+c)=ab+ac.

BBuny (1),x051b110 conep>XUT Hynb. EquHuNa MyJIbTUIIIIMKATUBHOM NOJYTpyIIbl (€CIU
OHa CYIIECTBYET) Ha3bIBaeTCs eauHMICH Koiblla. Bmecto a+(-b) mumyr a-b. Komsio
Ha3bIBa€TCSI KOMMYTAaTHMBHBIM, €CJIM KOMMYTAaTHBHA €r0 MYJIbTUIUIMKATUBHAS MOJYTpYyIIa.
[Ipumepamu koieny ciyXaT Lejble, YETHbIC, PALIMOHAJIBHBIE W JIEUCTBUTENIBHBIC YHCIIA C
OOBIYHBIMH OTEPALUAMHU CIOXKEHHUS M YMHOXKCHHMS. MHOMXECTBO KBaJPATHBIX MAaTpPHUIL
HEKOTOPOT0 33JaHHOTO MOPSAIAKA N SBISIETCS KOJBIIOM OTHOCUTENIBHO ONEPALMI CIIOXKEHUS U
YMHOXEHUS MaTpuLl.

ITogmaOX)ectBO H  kompmma K HasweBaeTCcsS MOAKONBIIOM, €CIM OHO SBIISICTCS
MOJIYTPYIIION €r0 aJAJUTUBHOW TIPYINIBI M IOAINOJYTPYNIIOW €ro MyJIbTUIIMKATUBHOMN
OJIYrpynnbl. SICHO, YTO TOJKOJBLO  SBISAETCA KOJIBIIOM OTHOCHUTEIBHO OIeEpalui,
OIpPEEIICHHBIX B UCXOJHOM KoJiblle. B KauecTBe MpUMepOB MOXKHO YKa3aTh KOJIBLIO YETHBIX
yycenl KaK MOJKOJBLO LENbIX YHCEll, a MOCIEIHEE KaK MOAKOIbIO KOJIEL PalUOHAIbHBIX U
JEHCTBUTENBHBIX YHceN. JlMaroHanbHble MaTPUIIBl 00Pa3yIOT MMOAKOIBLO KOJIbIIA MATPHII.

KomMyTaTHBHOE KOJIBIIO HA3bIBAETCS  IOJIEM, €CIM OHO COACPKHUT HEUTPAIbHBIN
3JIEMEHT | OTHOCHTEIBHO YMHOKEHUS, U KKl HEHYJIEBOH JIEMEHT a UMeeT OOpaTHBIH b,
Takoi, uto alB=1.

[Ipumepamu mosiell Ciiy’»KaT KoJiblla PalMOHATIbHBIX JIEWUCTBUTEIIBHBIX YHCEI.



