§1 IlepecTaHOBKH M MOACTAHOBKH

Omnpenenennel. Bceskoe pacnonoxkenue uucen 1, 2, ... , n B HEKOTOPOM
OTIPEICTICHHOM TIOPSAKE HA3bIBAETCS MIEPECTAHOBKOW M3 1 yuceln. J[pyrumu cioBamu,
MOJT IEPECTAHOBKAMH YHUCEIT MMPUHATO MOHUMATh BCEBO3MOXKHBIE CIIOCOOBI, KOTOPHIMH
9TH YKCJIa MOXKHO BBICTPOUTH B PSIJIL.

MO’HO MOJICYUTATH YHCITIO TaKUX CrIoco00B. OJTHO YMCIIO MOKHO BBICTPOUTH B
psan omHuMm crocobom. JIBa umcna - nByms crmocodamu: 1, 2 m 2, 1. Uucna 1, 2, 3
MOKHO BBICTPOHTH B psijl clieAyromumu crocodamu: 1,2 ,3;1,3,2;2, 1, 3; 2,3, 1; 3,
1, 2; 3,2, 1. Bcero ux mectb. JIeHCTBUTEIBLHO, HA MEPBOM MECTE MOTYT CTOSITh
TOJNbKO yucaa 1, 2 u 3, a [Ba OCTaJNbHBIX YMCIAa B KaXKIOM M3 TPEX BO3MOKHBIX
CIy4aeB MOXXHO BBICTPOWUTH B DS JABYMsI CrocoOaMu. AHAJIOTHYHBIA TMPUHIIMIT
MO3BOJISIET TOJCYUTATh YHCIIO TIEPECTAaHOBOK M3 4eThipex uuceln: 1, 2, 3 u 4. Jlroboe
u3 yucen 1, 2, 3 u 4 MOXKET CTOATh HAa MIEPBOM MECTE, a YHCJIO BCEX MEPECTAHOBOK
TpPEX OCTaJIbHBIX AIEMEHTOB €CTh O:

1234 2134 3124 4123
1243 2143 3142 4132
1324 2314 3214 4213
1342 2341 3241 4231
1423 2413 3412 4312
1432 2431 3421 4321.

Uucno mepecTaHOBOK M3 YETHIPEX JIEMEHTOB paBHO 4+ 6=24, T.e. yMHOXaeM
YUCJIO MEPECTaHOBOK M3 Tpex 31eMeHTOB (6) Ha 4. lllecth mepecTaHOBOK U3 Tpex
YHUCEN MBI TTOJTYYUM, YMHOKHUB YHCIIO TIEPECTAHOBOK M3 ABYX umcen (2) Ha 3. Takum
00pa3oM, YUCIIO TIEPECTAHOBOK U3 YETBIPEX JIEMEHTOB MOXHO IMPEACTABUTH B BUJIC
24=4- 3- 2- 1. MOXHO NOKa3aTh, 4YTO YUCIIO MEPECTAHOBOK U3 MSTH YHUCEN paBHO 5- 4+
3-2-1=120.

Teopemal. Hucno pa3inyHbIX MEPECTAHOBOK U3 7 YUCET PABHO MPOU3BEACHUIO
1-2- 3- .- n, o6o3Hauaemomy n! (uutaercs: "IH pakropuan").

JoxazarenbcTBo. JleiicTBUTENBHO, OOIIMIT BU MEPECTAHOBKH M3 7 CUMBOJIOB

€CTb 11, 2, ... , in, TJI€ KAKI0€ U3 iy €CTh OJHO U3 uucen 1, 2, ..., n, IpUYEM HU OJHO
W3 3THUX YHCEJ HE BCTPEUYACTCs JABaK/bI. B KauecTBe ij MOKHO B3STh JIFO00E U3 YHCET
1,2, ..., n; 9TO JaeT n pa3NMYHBIX BO3MOXXHOCTEH. Ecmu, omHaKo, i; yKe BbIOpaHoO,

TO B Kau€CTBE I, MOYKHO B35Th JMIIb OJHO W3 OCTaBIIMXCA n-1 dHcen, T.e. 4YHCIO
pa3MYHBIX CIOCOOOB BBHIOOpA Mapbl CUMBOJIOB ij, i PaBHO Ipou3BeAeHUio n(n-1).
Ecam, yxe BbIOpaH®bI i) H i, TO B KAYECTBE i3 MOKHO B3SITh JIUIIIH OJTHO U3 OCTaBITUXCS
n-2 4ucen, T.€. YUCIO Pa3IUYHBIX CIIOCOOOB BBIOOpA TPOWKH CHMBOJIOB ij, i3, i3
paBHO Tmpowu3BeneHuro n(n-1)(n-2) u T.1. AHAIOTUYHO, €CIIU BBIOpAHBI YKCHA i1, iy, I3,
< In2, TO B KAYECTBE I,.] MOXHO B35Th JIMILIb OJHO M3 OCTaBIIMUXCS JABYX YHCEN, a
BO3MOXXHOCTh BBIOOpa ISl i, ocTaeTcsl oAHa. TakuMm 00pa3oM, YUCIO PazIUYHBIX
Croco00B, KOTOPBIMH MOXHO BBIOPATh CUMBOJBI iy, iy, ... , i, PABHO MIPOU3BEICHUIO
n- (n-1)- (n-2)- (n-3)- ... 2- 1 ==1-2-3- ...- (n-2) (n-1)- n=n!

Omnpenenenne 2. [oBopsT, 4YTO B MAAHHON MEpPECTAaHOBKE uuCIa [ U j
COCTaBJIIIOT UHBEPCHUIO, €CIIH i>], HO I CTOUT B 3TOM MEPECTAaHOBKE PaHBIIIE j.

Omnpenenenne 3. IlepecraHoBKa Ha3bIBa€TCS YETHOM, €CIM €€ YHCIa
COCTABJISIFOT YETHOE YHUCJIO WHBEPCHUM, U HEYETHOM - B IPOTHUBOIIOJIOKHOM CIIyYae.
Tak, nepecranoBka 4, 5, 1, 3, 6, 2 derHas, T.K. YUCJIO WHBEpCUM B HEW paBHO 8.



[lepecranoBka 1, 2, ... , n OyJeT 4eTHOW MpH JII0OOOM 7, T.K. YACIO UHBEPCHUI B HEH
PaBHO HYIIIO.

Onpenenenne 4. IlpeoOpazoBaHue B IEpeCTaHOBKE, IPH KOTOPOM MBI
TTOMEHSIEM MECTaMM Kakue-JTu0o IBa CUMBOJIA (HEOOS3aTEIbHO CTOSIIUE PAIOM), a
BCE OCTaJIbHbIE CHUMBOJIBI OCTaBUM Ha MECTE€, Ha3bIBAE€TCS TPAHCIO3UILIMEH.

Teopema 2. Bce n! mepecTaHOBOK M3 # CHUMBOJIOB MOYKHO PacIOJIOKHTh B
TAKOM TOPSIKE, YTO KaXAas CIeAyromas OyaeT MolydaThCsl U3 MPeAbIIyIIei 0THOMI
TpaHCIO3ULIMEH, MPUYEM HaYMHATh MOKHO C JIF000 epecTaHOBKH.

JokazarenbcTBo. JloKaxkeM 3Ty TEOpeMy  METOJOM  MaTeMaTU4YeCKOU
VHJYKLIHH.

YTBepKIeHUE CHOpaBeUIMBO MpU #=2:  eciau Tpedyercs HaYMHATH  C
nepecTaHoBkH 12, To MckoMoe pacmoiokeHue Oymet 12, 21; ecnu ke MBI JTOJDKHBI
HayaTh C epecTaHoBKHU 21, To 310 OyzeT pacnonoxenue 21, 12.

[Ipennonoxum, 4TO Hame YTBEP)KIACHUE YK€ JOKa3aHO JUIA n-1, W TOKaxKeM
ero s n. [lycTb Mbl JTOJKHBI HaYaTh C NIEPECTAHOBKM i1, 12, ... , i,. PACCMOTpPHUM BCe
MIEPECTAaHOBKM W3 7 CHMBOJIOB, Y KOTOPBIX Ha IEPBOM MeCT€ CTOUT Ij. Takmx
nepecTaHoBok (n-1)! M UX MOXHO YNOPAJOYUTH B COTJACHU C TPEeOOBAaHUSAMHU
TEOPEMBI, IPUTOM HAYMHAsA C NEPECTAHOBKHU Ij, 12, ..., Iy, TAK KaK 3TO CBOJUTCA Ha
caMOM JieJie K YMOPSJOUYEHHUIO BCEX MEPECTaHOBOK U3 n-1 CUMBOJIOB, KOTOpOE, IO
WHIYKTUBHOMY MPEIIOJIOKEHUI0, MOXXHO HayaThb C JII00OOM  IMepecTaHOBKH, B
YaCTHOCTH C IEPECTAHOBKU I2, ... , i, B MOCIeaHEN U3 IOJIYyYEHHBIX TAKUM ITyTEM
MEPEeCTaHOBOK M3 7 CHMBOJIOB COBEpINAEM TPAHCIO3UIMIO CHUMBOJIA i C JIIOOBIM
JIPYTUM CUMBOJIOM, HallpuMeEp C i, U, HAUMHAs C BHOBb MOJYYEHHOUN MEepecTaHOBKH,
YHOPSAAOYMBAEM HYKHBIM O00pa3oM BCe T€ MEPECTAHOBKH, y KOTOPBIX Ha MEPBOM
MecTe CTOUT ip. I B 3TOM cilydae 3TO CBOJUTCS K YNOPSJOUYECHUIO BCEX MEPECTaHOBOK
u3 n-1 cumBonos (i, i3, i4, ... , iy), KOTOPOE MO HMHIYKTUBHOMY ITPEATOI0KECHHIO,
MO>KHO HauaTh C JIF0OOW IepecTaHOBKU. B mocienHei n3 moaydeHHBIX TaKHUM IyTeM
MIEPECTAaHOBOK M3 7 CHMBOJIOB COBEpLIAEM TPAHCIO3UILMIO CUMBOJIA I C i3. Tenephb
OyZieM ynopsiJOuuBaTh BCE T€ MEPECTAHOBKH, y KOTOPHIX HA MIEPBOM MECTE CTOUT i3 H
Tak panee. Ilomydaem n Tpymnm TEpecTaHOBOK, B Kaxmod rpymme 1o (n-1)!
MepPECTaHOBOK:

> (n-1)! mepecTtaHoBOK, T1€ S, ... , [| IPUHUMAIOT OJTHO U3 3HAUEHUH 2, 3, ...,

n-1.

} (n-1)! mepecTaHoOBOK, T1IE 57, 12, ... , [, IPHHUMAIOT OAHO U3 3HAYCHUH 1, 3,




" ¢ (n-1)! mepecTaHOBOK, T11€ Sy, ty, ... , [, IPUHAUMAIOT OJTHO M3 3HAYCHUH 1, 2,

won-1.

Bcero n (n-1)!=n! mepectaHoBok. DTUM IyTeM MOXXHO IepedOparh Bce n!
IIEpECTaHOBOK U3 # CUMBOJIOB. Teopema foka3aHa.

N3 aT0lf TEopeMbl BBITEKAET, YTO OT JIFOOOW TMEPECTAHOBKH M3 # CHMBOJIOB
MOKHO TIEpEUTH K 000U APYroil mepecTaHOBKE M3 TEX K€ CHMBOJIOB MPU MOMOIIH
HECKOJIBKUX TPAHCIIO3ULINMN.

Teopema 3. Besikast TpaHCIIO3UIIMS MEHSIET YETHOCTh IEPECTAHOBKH.

Joka3zarenbcTBO. [ mOKazaTenbCTBA ATOM TEOPEMBI PACCMOTPUM CHadajia
Cily4al, KOT/1a TPaHCIIOHUPYEMbIE CUMBOJIBI [ U j CTOSIT PSIIOM, TO €CTh ePEeCTaHOBKa
MMEET BU]L

s Iy Jy ey

1€ MHOIOTOYMS 3aMEHSIOT T€ CHUMBOJBL, KOTOpPbIE HE  3aTparuBarOTCs
TpaHcno3uuuen. TpaHcno3unys NpeBpalaeT Hallly IEPECTAHOBKY B IEPECTAHOBKY ...,
J, i, ... , TIpUYeM, MOHSATHO, B OOEUX MEPECTAHOBKAX KaXIbIH W3 CHUMBOJOB i, J
COCTAaBJISIET OJIHU M TE € MHBEPCUM C CHMBOJIAMHU, OCTarOLIMMHCS Ha Mmecte. Ecnu
CUMBOJIBl I W j paHbllle HE COCTaBIIM HMHBEPCHH, TO B HOBOH IEPECTAHOBKE
MOSIBIISIETCA OJIHA HOBasi MHBEPCHUS, TO €CTh YKCIIO WHBEPCHUM YBEIMYMBAETCS Ha
€AUHUILY; €CJIM )K€ OHU PaHbUIE COCTABIUIA MHBEPCHUIO, TO TENEpPh OHA MPOIAJAET,
TO €CTh YMCIIO MHBEPCHI HA €IMHUIY yMEHbIIaeTca. B 000HX ciydasX 4YeTHOCTb
MIEPECTAaHOBKHU MEHSIETCS.

[IycTp Tenepbp Mexay TPaHCHOHUPYEMBIMU CHUMBOJIAMH I U j PACIOJIOXKEHBI S
CUMBOJIOB, $>0, TO €CThb MEpEeCTaHOBKA HMEET BH]

ok, ko, o ks, g

TpaHcnO3UIIMIO CHUMBOJIOB 1, J MOXHO TIOJNYYUTh B  peE3yJIbTare
MOCJIeI0BATEILHOIO BBIMOJMHEHUST 2S5+1 TpaHCHMO3WMLMKA COCEIHHMX DJJIEMEHTOB. A
MMEHHO, 3TO OYyAyT TPaHCIIO3MIINH, TEPECTABIISIONINE CUMBOJIBI I U ki, 3aTeM I (yxe
CTOsIIlIee HAa MECTe CUMBOJIA k1) U k» M Tak Jajiee, IMOKa i HE 3aliMEeT MECTO CUMBOJIA
ks. 3a3TUMU S TPAaHCHO3ULMSIMU CIIEAYET TPAHCIO3UIMS, IEPEMEIIAOIIAs CUMBOJIBI i
U j, a3areM S TPaHCHO3MIMK CUMBOJIA j CO BCEMH k, IOCIE Yero j 3aHUMAaeT MECTO
CHUMBOJIA [, @ CUMBOJIbI k£ BO3BpAIAIOTCS HA CBOM CTapble MecTa. TakuMm oOpa3om,
MBI HEYETHOE YUCIIO Pa3 MEHSJIU YETHOCTh NIEPECTAHOBKHU, a MIOATOMY IEPECTAHOBKU
sk, ko oS ks, Jy o gL kL Ky L, K, 1, ... IMEIOT TIPOTHBOIIOIOKHBIC YETHOCTH.
Teopema noka3aHa.

N3 teopem 2 u 3 BBITEKAET, YTO MPU 1 7?2 YUCIO YETHBIX MEPECTAHOBOK U3 7
CHMBOJIOB PaBHO YHCITy HEUYETHBIX, TO €CTh paBHO 1!/2.

Ornpenenum HOBOE NOHATHE, OHIATHE MOJCTAHOBKH 1-1 CTEIICHHU.

Onpenenenue 5. Besikoe B3aMMHO OJHO3HAYHOE OTOOpakeHHe 4 MHOXKECTBA
MEPBBIX /1 HATYpaAJIbHBIX YHCel Ha ce0sl Ha3bIBaeTcs MOACTaHOBKOM 71-0i CTENEHH.

Beskass moncranoBka 4 MokeT OBITh  3amucaHa TMpPU  TOMOIIM  JIBYX
MEPECTAaHOBOK, NOANKMCAHHBIX OJIHA MO IPYroi



yepe3 &, 0003HAYAETCS TO YUCJI0, B KOTOPOE MPH MOJCTAHOBKE A MEPEXOAUT YUCTIO i,

i=1, 2, ..., n. lloncranoBka 4 00iagaeT MHOTMMH Pa3THYHBIME 3alHUCSIMH. Tak mpH
n=>5
3 5 4 2 1
21 3 5 4
MOKET UMETh JIPYTHUe 3alHCH, HAlIPUMep:
5 4 3 1 2 2 1 3 4 5
A= , A= U TaK Jajiee.
1 3 2 4 5 5 4 2 3 1

Bo Bcex 3THX 3amucsX Mbl UMEEM OJHO M TO K€ B3aUMHO OJHO3HAYHOE
oToOpa’keHHe MHOXKECTBA W3 MEPBBIX MATH HATYpaJbHBIX unces Ha ceds. [Ipu stom
oToOpakeHUH 4yuciao 1 mepexoauT B 4, 4YHCIO 2 MEpexoAuT B 3, uncio 3 - B 2,
yuciio 4 - B 3, yucio 5 - B 1. OTy ke NepecTaHOBKY Mbl MO>KEM 3aIUCaTh B BUJE

1 2 3 4 5
4 5 2 3 1

TO €CTh C HATYPaJIbHBIM PACIIOJIOKEHUEM YHCEIl B BEpXHEN CTPOKE.
Taxoke BCAKas MOICTAHOBKA 1-0U CTEIIEHU 4 MOKET OBITh 3allicaHa B BUIE

1 2 3 ... n

a a, a, .. Qa,
IIpn Takol 3anucu pasiIv4YHBIE I[IEPECTAHOBKU OTIMYAOTCSA APYr OT Jpyra
TOJIbKO TIEpECTAaHOBKAaMH, CTOSIIIMMU B HI)KHEH CTpOKe, M IMO3TOMY YHCIIO
IIOACTAaHOBOK 7n-OM CTEIEHHU paBHO 4YUCITYy NCPECTAHOBOK U3 1 CUMBOJIOB, TO CCTb
paBHO n!
[IprumepoM NOACTAHOBKH #1-OW CTENEHU CIYKUT TOKIECTBEHHAS NOACTAaHOBKA

1 2 3 ... n

1 2 3 ... n

B KOTOPOM Ha MECTE OCTAIOTCS BCE YUCIIA.
PaccmoTpuM IpoU3BOIIBHYIO 3aIIUChH

L L, L

a a, .. a,

1 2 n

HEKOTOPOW MOJCTAaHOBKU n-M cTeneHu. [lepecTaHOBKHU, COCTABISAIONIME BEPXHIO U
HIDKHIOKO CTPOKM B 3TOM 3alUCH, MOTYT HUMETh WU O/IMHAKOBBIE, WU
MIPOTHBOIOJIOXKHBIE YeTHOCTH. Ilepexon k mo0oi Apyroi 3amucu MOJACTAaHOBKU A
MO>KHO OCYIIECTBUTh IIyTEM IOCJIEOBATEIBLHOIO BBITIOJIHEHUSI HECKOJIBKUX
TPAHCIO3ULIUM B BEPXHEH CTPOKE U COOTBETCTBYIOIIMX UM TPAHCIO3ULIUN B HUKHEU
ctpoke. OHaKo, coBeplIasi OJHY TPAHCIO3ULIUIO B BEpXHEH CTpOKe (MepecTaHOBKE)
3anucu A U OAHY TPAHCHO3ULMIO COOTBETCTBYIOLIUX 3JIEMEHTOB B HUYKHEH CTPOKE
(mepecTaHOBKE) MBI OJHOBPEMEHHO MEHSEM YETHOCTH OOEHX MEPeCcTaHOBOK H
IIOATOMY COXPaHSIEM COBIIAJICHUE UM IPOTUBOIIOIOKHOCTh ITUX YETHOCTEM.

IIpn Bcex 3amucAX TOACTAHOBKM A YETHOCTH BEPXHEH M HMKHEH CTPOK
COBIAJIAIOT, JINOO K€ MPHU BCEX 3aMUCIX OHHU MPOTHUBOIOJIOKHBI.



Omnpenenenune 6. [logcranoBka 4 Ha3pIBAETCSA YETHOW, €CIIM YETHOCTH BEPXHEU
U HIDKHEH CTPOK COBMNAJAlOT MU TMOJICTAHOBKA A Ha3bIBAETCS HEUYETHOM, €CIIH
YETHOCTM BEpPXHEM U HWXKHEHM CTPOK IPOTUBOIOJIOXKHBL. B yacTHOCTH,
TOKJIECTBEHHAsI MMOJCTAHOBKA OyI€T YETHOM.

Ecnun noncranoBka 4 3anucaHa B BUJIE

1 2 3 .. n
A=
a a, a, .. a,
TO YETHOCTH MOJICTAHOBKU A OY/ET ONpenesaThCsl YETHOCTbIO MEPECTAaHOBKHU 71, O,
., 0. OTcroga cienyer, 4To YMCIIO YETHBIX MOJACTAHOBOK /-U CTETIEHH PABHO YHCIY
HEYETHBIX, TO €CTh paBHO n!/2.

OmnpeeneHno YeTHOCTH MOICTAHOBKU MOYKHO JIaTh APYyTrue Gopmabl.

Omnpenenenne 7. [ToactanoBka A OyaeT YETHOM, €CJIM 00IIIEe YHCIIO HHBEPCHI
B JIBYX CTPOKaX YETHO, U HEYETHOMU - B IPOTUBHOM CJIydae.

Omnpenesnenne 8. Pe3ynbrar MocCienoBaTEIbHOTO BBIIIOIHEHUS JIBYX B3aUMHO
OJIHO3HAYHBIX OTOOpaKeHU MHOXKeCTBa 1, 2, ... , n Ha ce0st cHOBa OyeT, HEKOTOPBIM
B3aMMHO OJHO3HAYHBIM OTOOpa)KEHHEM OJTOr0 MHOKECTBa Ha cebs, TO ecTb
IIOJCTAHOBKOM #-W CTEIIEHH, HA3bIBAEMOW IPOU3BEACHUEM IEPBOM U3 3aJaHHBIX
MOACTAaHOBOK (TepBoe OToOpakeHWe) Ha BTOpylo. Hampumep: ecnum  nmaHbl
MOJACTAaHOBKHU TPEThEN CTENIEHU

1 2 3 1 2 3 1 2 3
A= u B= , To AB=
31 2 2 3 1 1 2 3

JleficTBUTENBHO, IIPU NOACTaHOBKE A uncio 1 nepexoaut B 3, HO npu B uucino 3
nepexoauT B 1 u Tak ganee. MOKHO MEPEMHOKHUTH JIMIIb MOJICTAHOBKH OJIMHAKOBOM
CTEIEHHU.

YMHOXEHUE MOJCTAaHOBOK #—OW CTENEHU MPpHU 173 HE KOMMYTaTUBHO.

W3 acconmaTuBHOCTH MPOU3BEACHUS OTOOPaKEHUH, BHITEKAET, UTO YMHOKCHHE
MOJCTAaHOBOK acconuaTuBHO. OueBUIHO, UTO EA=AFE=A.

Omnpenenenue 9. OOpaTHOM IS TOJCTAHOBKU 4 HA3BIBACTCS MOICTAHOBKA TOU
xe crenenn A ' Takasi, uTo AA'=4""4=E.

Tak nj1g moacTaHOBKU

1 2 3 . n
A:
a a, a, .. a,
00paTHOM CITY>KHUT MOJICTAHOBKA
A71_ a a, a, a,
1 2 3 n

Ecnu HaM HYXXHO pelINTh YpaBHEHMS B IMOJCTaHOBKaxX: a) AX=B; 06) XA=B; B)
AXB=C, TO MBI MOCTyIMM TakKuM oOpa3zoM: 1) B cilydae a) yMHOXHUM 00€ YacTH
ypasHenns AX=B ciesa (B BHLY He KOMMYTATHBHOCTH YMHOXCHHs) HA A ', IIOTydHM,
A7 (4X)=4"'B, a Tax xaK yMHOXCHHE IIOJICTAHOBOK accolMaTHBHO, T0 (4 'A)X=A"'B,
EX=A"'B, X=4"'B — pemenne ypasuenns AX=B; 2) B ciyuae 6) XA=B, (XA)A'=BA™",



X(AAY=BA™, X=BA™"; 3) B ciyuae B) AXB=C, A '(AXB)=A"'C, XB=A"'C, (XB)B"
'=4'C)B, X(BBy=4"'CB", X=4"'CB".

Omnpenenenne 10. HazoBeM Tpancno3unuei (eciu pedb UAET O MOJCTAHOBKE),
HCUYCTHYIO IMTOACTAHOBKY BH A

KOTOpast IOJy4aeTcs U3 TOXICCTBEHHOM IOACTAaHOBKM E mpu moMomu oxHON
TPAHCIO3ULIUK, TPOU3BOAUMON B HIKHEH CTpOKe. MHOTOTOYMSAMH 3aMEHEHBI
CHUMBOJIBI, OCTAlOIIMECS Ha MecTe. YCIOBHMCA OOO3HAYaTh ATY TPAHCIO3HUIIHIO
cuMBoJIOM (7, ). (B manmbHeiimem cuMBoII (7, /) MBI HA30BEM IIMKJIOM JIJTUHEI J1BA).
[IpumeHeHne TpaHCIIO3ULIMU CUMBOJIOB I, j K HUYKHEHN CTPOKE MOJCTAHOBKH

1 2 3 ... n

a a, a, .. a

n

PaBHOCUIIBHO YMHO>KEHHIO MOACTAHOBKH A CIIPaBa Ha IOJICTAHOBKY

i .

. . ’

Jooe
TO €CTb Ha (7, j). MBI 3HaeM, 4TO BCE NMEPECTAHOBKH U3 1 CHMBOJIOB MOYHO MOJIY4YHTh
W3 OJHOM W3 HUX, Hampumep, u3 1, 2, ... , n, NOCIEIOBATEIbHBIM BBIIOJIHEHUEM

TpaHCHO3HHHﬁ, MMO3TOMY BCdKad IMOACTAHOBKA MOXKCT 6LITB nojrydcHa wu3
TOXKJIECTBEHHOW MOJCTAHOBKHU IMYTEM IOCJIEI0BATEIILHOIO BBIMOJIHEHUS HECKOJIbKUX
TPAHCIO3ULIUKA B HUIKHEU CTPOKE, TO €CTh IIyTEM IIOCIEA0BATEIBHOIO YMHOKEHHUS Ha
MOACTaHOBKHU BUJA (i, /). MOXXHO yTBEp)KIaTh, CJIEIOBATEILHO (OMyCKass MHOXHUTEIh
E), 4YTO BCdKad MNOACTAaHOBKa MNpCACTaBMMa B BHUAC IPOU3BCACHUA TpaHCHOSHHHﬁ.
Hanpuwmep:

1 2 3

2 5 4 3

Besikyro moacTaHOBKY MOXHO MHOTMMH Pa3HBIMH CIOCOOAMHU PaslIOkKHUTh B
MpOM3BECHUE TpaHcmo3uimii. Bcerma MoOXHO J00aBUTH JBa  OJMHAKOBBIX
MHOXuUTeNs Buna (i, j)(i, j), KOTopble 1al0T B MPOU3BEACHUH MOACTAHOBKY E, TO €CTh,
B3aUMHO YHUUYTOKAIOTCSI.

HoBrrit crioco0 omnpeneneHrs 4eTHOCTH MOJCTAHOBKM OCHOBAH Ha CJEAYIONIEH
Teopeme:

Teopema 4. Ilpu Bcex pa3lOKEHUSAX TMOJCTAHOBKA B MPOU3BEICHUE
TPAHCIIO3UIIUN YETHOCTh YMCIIA TUX TPAHCTIO3HUINKA OyJeT OJJHA U Ta KE, MPUYEM OHA
COBITQJIaCT C YETHOCTHIO CAMOM MOJACTaHOBKH.

JlokazaTenbcTBO. JTa TeopemMa OyaeT AoKa3aHa, €CIIM Mbl IMOKaXEeM, 4YTO
MPOM3BEICHUE JIOOBIX Kk TPAHCMO3UIMKA €CTh TOJICTAHOBKA, YETHOCTh KOTOPOM
COBMAJaeT C UETHOCThIO k. DTO yTBEepKIEHHE JOKAa3blBAEM IO METOIY
MareMatnuecko uHAyKnuH. [Ipu k=1 3TO BepHO, Tak Kak TPAHCIIO3UIMS €CTh
HEYeTHas MojAcCTaHOBKA. [lycTh Hamie yTBEp:KIEHHUE YXKe JOKa3aHo s ciaydas k-1
MHOXHUTeNeH. Toraa ero cnpaBeIMBOCTh JIJIsi kK MHOXXHUTEJIECH BBITEKACT U3 TOTO, YTO

=(12)(15)(34)=(14)(24)(45)(34)(13).



yncna k-1 U k UMEIOT MPOTHBOIIOIOKHBIE YETHOCTH, & YMHOXKCHUE MOACTAHOBKH (B
JTAHHOM cJly4yae — MPOU3BEJCHHUE MEePBbIX k-1 MHOXKUTENIENH — MbI TPEANIOI0KUIH, YTO
9TO TOJICTAHOBKA, YETHOCTh KOTOPOW COBMAJAaeT C YETHOCThIO uucia k-1) Ha
TPAHCIIO3ULIMI0 PABHOCHJILHO BBIMOJHEHUIO 3TOM TPAaHCHO3MIMM B HIDKHEH CTpOKe
MOJCTaHOBKHU, TO €CTh, MEHSIET €€ YETHOCTb.

CornacHo »JTOW Teopeme, ONpENeIuTh YETHOCTh TOJCTAHOBKH MOXHO
pa3lioKEHUEM MOJCTAHOBKHU B MPOU3BEACHUE TPAHCIO3ULIUNA — UX YUCIIO OMpPEAesieT
YETHOCTh MOJICTAHOBKH.

PaccMoTpuM moapoOHee OAMH W3 CHOCOOOB PA3iOXKEHHUS IOACTAHOBKH B
npousBeieHne TpaHcno3unuii. OH 3aKiIoYaeTcsl B CIEAYIOIIEM: CHauyanda pasiokuM
MOACTAaHOBKY B IPOM3BEJICHUE IIMKIOB, a 3aT€M KaXIbId IUKI pa3IokKUM B
MPOM3BEACHNE TPAHCIIO3UIUH. [[71s1 3TOr0 nMpuBeeM HOBbIE ONpeieieHUs U (DaKThI.

Omnpenenenne 11. [uknnueckoil MOACTAHOBKOM WM IIUKJIOM HAa3bIBACTCS
Takas TOJCTAaHOBKA, YTO NPHU MOBTOPEHUHU €€ JOCTATOYHOE YHUCIIO pa3 BCAKHUM U3
JEHCTBUTENHLHO TEPEMEIIaeMbIX €0 CHMBOJIOB MOXET OBITh MEPEBEICH B IOOOM
JIPYroM U3 3TUX CUMBOJIOB. TakoBa, HapUMeEDP, MOJICTAHOBKA BOCBMOM CTENEHU

1 2 3 4 5 6 7 8
1 8 6 4 5 2 7 3

OHa [IeCTBUTENIBHO MEPEMENIAET CUMBOJIBI 2, 3 , 6 U 8, mpUYeM MNEPEeBOAUT
cuMBOJI 2 B 8, cMBOII 8 B 3, cuMB0oI 3 B 6, a CUMBOJI 6 CHOBa B 2.

JInst  UMKIOB  ymoTpeOnseTcss — cAeayromias — 3aluch:  JIEHCTBUTEIIBHO
MepecTaBIsiEMbIe CUMBOJIBI 3aIMMCHIBAIOTCS B KPYTIIBIX CKOOKaX IPYT 3a APYrOM B TOM
MOpSAJIKE, B KAKOM OHHU JAPYr B JApyra NepexoasT MpH MOBTOPEHUU MOACTAHOBKHU;
HAYMHACTCS 3alHCh C JIO0Or0 W3 JACHCTBUTENHHO IEpPEeMENIaeMbIX CHMBOJIOB, a
MOCIETHUN CUMBOJI CYUTAETCS MEPEXOIAIINM B MEPBhI. Tak, 111 yKa3aHHOTO BBIIIIE
IIpuMepa 3Ta 3anuch nMeeT Bua (2836).

Uucno CHUMBOJIOB, JCHCTBUTENBHO TMEPEMEIIAEMBIX IIMKJIOM, Ha3bIBACTCA
JUIMHOM ITUKIIA.

JBa 1muKia n-di CTENEHW HAa3bIBAIOTCS HE3aBUCHUMBIMHU, €CIIM OHH HE HMEIOT
OoO0IIMX  JCUCTBUTEIBHO TEPECTaBISIEMBIX CHMBOJNOB. [IOHATHO, 4YTO TIpH
MEPEMHOKEHUN HE3aBUCHUMBIX IIMKJIOB MOPSAOK PACHOJIOKEHUS MHOXKHUTEIEH He
BIIMSET HA pe3yibTarT.

Bcesikass moacraHoBka MOKET OBITh €IMHCTBEHHBIM CIIOCOOOM Da3jio’KeHa B
MPOU3BE/ICHUE HE3aBUCHUMBIX LIUKJIOB.

[IpakTruecku pa3aoKeHHE OCYIIECTBISIETCS CICAYIONMM 00pa3oM: HAYMHAEM C
M000T0 U3 NIEHCTBUTENBHO TMEPEMEIIaeMbIX CHUMBOJIOB U BBIUCHIBAEM 33 HUMHU TE
CHMBOJIbI, B KOTOpbIE OH NEPEXOAUT MPHU IMOBTOPEHUM TOJCTAHOBKH, IMOKa HE
BEpHEMCsSI K HMcXOnHOMY cuMBoidy. [locie 3toro "3akpelTusa" IUKIa HauMHAEM C
OJIHOTO M3 OCTABUIMXCA JICMCTBUTEIIBHO MEPEMENIAEMbIX CHMBOJIOB, IOJIy4aeM
BTOpPOM LMK U Tak naiee. Hanpumep,

1 2 3
3 5 1 2

—(13)(2 5 4).



OO6patHo, 17151 BCAKOHM IMOJICTAHOBKH, 33JJaHHOM Pa3lI0KEHHEM B HE3aBUCHMBIC
IUKJIBI, MOXXHO HAWTH 3amuCh B 0OBIYHOW (hopme (IIpH YCIIOBHH, YTO CTEICHB ATOM
MOJICTAaHOBKHU U3BecTHA). Hampumep,

3 4 5 6 7

(1372)4)5)=
1 7 5 4 6 2

€CJIM U3BECTHO, YTO CTENEHb 3TOM MOJCTAaHOBKH €CTh /.

[IycTp naHa moacTaHOBKA 7-Ml CTENEHUW U MYCTh S €CTh YMCIO HE3aBUCHUMBIX
LUKJIOB B €€ Pa3JIOKEHUU TUIFOC YHCIIO CUMBOJIOB, OCTaBJISIEMBIX €H0 Ha MECTE.

Onpenenenne 12. Pa3HOCTb #—s Ha3bIBAETCSI JEKPEMEHTOM ITOM NOJICTAHOBKH.

JInst pacCMOTPEHHBIX BBILIE TPUMEPOB JIEKPEMEHT PaBEH COOTBETCTBEHHO 3 U 4.

Teopema S. UeTHOCTh IIOJCTAHOBKH COBIIAJAET C YETHOCTBIO JNEKPEMEHTA dTON
MOJCTaHOBKH.

JlokazarenbcTBO. JloKa3aTenbCTBO OCHOBBIBAETCS HAa TOM, UTO BCSAKUM IHKII
JUTMHBI K MOXXHO TIPEJICTAaBUTh B BUJIE TIpomM3BeneHus k-1 Tpancnosunuit: (i, i, ... ,
i)=(ir, )01, B3) ...(01, ix).

JIxo0yro0 MOACTAaHOBKY MOYKHO Pa3JIOKHUTh B UKL, KaXkIbIi 1IUKIT pa3JIOKUTh B
MPOU3BEACHNE TPAHCIO3UIMI. YMCIO 3TUX TpaHCHO3MLMK OyneT coBmaaaTh C
JEKPEMEHTOM MO/ICTAHOBKHU.

HeiicTButensno,  myctb  A=(i,i,,..., ilk, ) e iZkl ) G700 O isk\ ) -

pa3ioKEeHUE IPOU3BOJIBHOM IOACTAHOBKU A n-W CTENEHM B IPOU3BEIEHUE S
HE3aBUCUMBIX HHUKIOB (kitko+...+k=n). Pa3noxum 5TH HHMKIBI B TPOU3BEIACHUE

TPAHCHOSUIUMH (1)), 05000y, ) = = (50,05 0,)- (050, ) —  HEKIT JUTHHBL -k
Pa3I0KUIN B MPOU3BEJICHUE ki-1 TPaAHCIO3ULIM.
(1'21,1'22,...,1'2,(2) =(i21,i22)(i21,i23)...(i21,i2k2) — [OHWKI JUIMHBL  k;  pa3liOKWUIM B
npousBeneHue k-1 Tpancmosunuid. M tak manee, mociaeaHWi s-W UK JUIAHBL K
pa3noxuM B mpousBeneHue k-1 TpaHcmosuumii.  Takum  oOpasom,
A=(i11,012)(i11,013). . . (I51,i2) ... (l's1,l'sk\ ). CymmapHO€ 4YHCJIO TPaHCIO3HUIINI B

paznoxkenuu moxactaHoBku A Oymer  (ki-1)+(ka-1)+...H(k-1)=(k1Hhot. . . +ky)-
(1+1+...+1)=n-s.

bbuto 70Ka3aHO, YTO TPOM3BEACHUE 7-§ TPAHCIO3UIUN €CTh IMOJICTAHOBKA,
YETHOCTh KOTOPOM COBITAJIaeT C YETHOCTBHIO YHCHIA 7-S. A TaK Kak n-s — JEKPEMEHT
[MOJICTAHOBKH, TO JO0Ka3aHO, YTO YETHOCTh IOJCTAHOBKH COBIAJACT C YETHOCTHIO
JCKPEMEHTa 3TOU MOJICTAHOBKH.



